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• 𝐷 normal distribution function

• 𝐹 Fresnel term

• 𝐺 shadowing-masking function
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Microfacet Model

𝑓(𝜔𝑖 , 𝜔𝑜) =
𝐷(𝜔ℎ)𝐹(𝜔𝑖 , 𝜔ℎ)𝐺(𝜔𝑖 , 𝜔𝑜, 𝜔ℎ)

4(𝜔𝑔 ⋅ 𝜔𝑖)(𝜔𝑔 ⋅ 𝜔𝑜)



• Shadowing-masking function only considers the single 
scattering

Shadowing function Masking function

Shadowing-masking Function
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Motivation

low roughness medium roughness high roughness



Heitz et al. [2016]

• ✓ Physically based, and unbiased

• ✗ Sample at both direction and height, resulting in high variance

• ✗ Not suitable for real-time rendering
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B. Bitterli & E. d’Eon [2022]

• ✓ Physically based, and unbiased

• ✓ Reduced variance compared to Heitz et al. [2016]

• ✗ Complex derivation and formulation
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Wang et al. [2022]

• ✓ Independent bounce assumption leads to low variance

• ✓More advanced bidirectional estimator further lowers the variance

• ✗ Introduces bias
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• Light path: 𝑥𝑘
0 = 𝑑0, 𝑑1, … , 𝑑𝑘

• Path contribution: 𝑓 𝑥𝑘
0 = 𝑠0𝑣0𝑠1𝑣1⋯𝑣𝑘−1𝑠𝑘

• Multiple-bounce BSDF: 𝜌 𝜔𝑖 , 𝜔𝑜 = 𝛺(𝜔𝑖,𝜔𝑜)׬
𝑓 ҧ𝑥 𝑑𝜇( ҧ𝑥)

Vertex term 𝑣𝑖: Fresnel and NDF Segment term 𝑠𝑖: occlusions and multiple scattering

Formulation of Wang et al. [2022]



Problem
Independent bounce assumption leads to low variance but introduces bias.

=-

Heitz et al. [2016] Wang et al. [2022]

Observation

Our solution

Derive a path segment term using the invariance principle.



The invariance principle
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Our method
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Our method
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case 1
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

case 1

Case 1

Δ𝐿0 = ρ ω𝑖 , ω𝑜 𝐿 1 − 𝑒−Δτ Λ ω𝑖 +Λ ω𝑜

= ρ ω𝑖 , ω𝑜 𝐿Δτ Λ ω𝑖 + Λ ω𝑜 + 𝑜 Δτ

Multi-bounce BRDF Extinction

The infinitesimal of higher order 

extinction within this thin layer



Δ𝐿1 = 𝑓𝑝 ω𝑖 , ω𝑜 𝐿 1 − 𝑒−Δτ Λ ω𝑖 𝑒−ΔτΛ ω𝑜

= 𝑓𝑝 ω𝑖 , ω𝑜 𝐿Δτ Λ ω𝑖 + 𝑜 Δτ



case 2

Case 2

𝑓𝑝 =
𝐹 ω𝑖 , ωℎ 𝐷ω𝑖

ωℎ

4 ωℎ ⋅ ω𝑖

= 𝑣 ω𝑖 , ω𝑜 𝐿Δτ + 𝑜 Δτ

Phase function Extinction

The infinitesimal of higher order 

VNDF

scattering at thin layer without 
reaching the medium



Δ𝐿2 = න
𝛺−
𝑓𝑝 𝜔𝑖 , 𝜔 𝐿Δ𝜏 Λ 𝜔𝑖 𝜌 𝜔,𝜔𝑜 d𝜔 + 𝑜 Δ𝜏

= 𝐿Δ𝜏න
𝛺−
𝑣 𝜔𝑖 , 𝜔 𝜌 𝜔,𝜔𝑜 d𝜔 + 𝑜 Δ𝜏



case 3

Case 3

scattering at thin layer, reaches 
medium, then going through the 
thin layer. 

Multi-bounce BRDFExtinctionPhase function

The infinitesimal of higher order 



Δ𝐿3 = න
𝛺+
𝜌 𝜔𝑖 , 𝜔 𝐿Δ𝜏 Λ 𝜔 𝑓𝑝 𝜔,𝜔𝑜 d𝜔 + 𝑜 Δ𝜏

= 𝐿Δ𝜏න
𝛺+
𝜌 𝜔𝑖 , 𝜔 𝑣 𝜔,𝜔𝑜 d𝜔 + 𝑜 Δ𝜏



case 4

Case 4

The infinitesimal of higher order 

Multi-bounce BRDF Extinction Phase function

the symmetric case of case 3



Energy conservation



case 1



case 3



case 4



case 2

= + +

Δ𝐿0 = Δ𝐿1 + Δ𝐿2 + Δ𝐿3



𝑆𝑘 𝑑0, … , 𝑑𝑘 = 𝑆1 𝑑0, 𝑑𝑘 ∙

𝑆𝑘−1 𝑑0, … , 𝑑𝑘−1 + 𝑆𝑘−1 𝑑1, … , 𝑑𝑘
𝑆1 𝑑0, 𝑑1 =

1

1 + Λ −𝑑0 + Λ 𝑑1

Path segment term 
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𝑆1 𝑑0, 𝑑𝑘 ൫

൯

𝑆𝑘−1 𝑑0, … , 𝑑𝑘−1

+ 𝑆𝑘−1 𝑑1, … , 𝑑𝑘 , otherwise

Path segment term 

Path type 1

✓✗

Path type 2

✗✓

Path type 3

✓ ✓

0, if 𝑑0. 𝑧 > 0 or 𝒅𝒌. 𝑧 < 0

𝑆𝑘 𝑑0, … , 𝑑𝑘 =

In practice, time cost is nearly linear in 𝑘



• Multiple-bounce BSDF: 𝜌 𝜔𝑖 , 𝜔𝑜 = 𝛺(𝜔𝑖,𝜔𝑜)׬
𝑓 ҧ𝑥 𝑑𝜇( ҧ𝑥)

• Monte Carlo estimators for BSDF evaluation
• Path tracing (PT)
• Bidirectional path tracing (BDPT)

• Sample
• sample the VNDF
• 𝐺1 function decide whether to exit
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Evaluation and Sample



An Improved MIS PDF

Lambertian

Single 
Bounce

GT

Overestimate at grazing angle!

PDF

𝜃𝑜
-90 900-45 45

Fit well!
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Lambertian + Single Bounce PDF Improved MIS PDF

Single 
Bounce

Isotropic PDF
GT

+ +



Equal-time comparison

Ours: 16 spp, MSE:1.53e-4

Bitterli and d’Eon 2022: 15 spp, MSE:1.62e-4

Ours: 16 spp, MSE:1.53e-4

Bitterli and d’Eon 2022: 15 spp, MSE:1.62e-4

Simpler formulation More spp Less noise



Equal-spp comparison

Ours (PT), 1.15s Wang et al. 2022 (PT), 1.21s Bitterli and d'Eon 2022 (PT), 1.19s

MSE: 3.26e-4 MSE: 1.09e-3 MSE: 3.26e-4

Bias removed and more effective.



Single bounce + Lambertian

MSE: 1.03e-3                 4.86s                          16 spp

Ours

MSE: 8.69e-4                 4.96s                          16 spp

MIS PDF comparison

Single bounce + Lambertian Ours

MSE: 1.03e-3                 4.86s                          16 spp MSE: 8.69e-4                 4.96s                          16 spp

Our PDF produces less noise.



• Multiple-bounce BRDF with Invariance principle

• Simpler derivation

• Simpler formulation

• Faster convergence

• Analytical segment term for path 

• A novel PDF for multiple importance sampling

• A better match with the multiple-bounce BRDFs

Conclusion



Limitations

• Cannot be used on refractive surface 

• Limited to NDFs with an analytical Λ function

0

∞ 0

∞
Transmission



Future Work

• Introduce the invariance principle to layered materials

• Derive a fully analytical formulation

Spongecake [Wang et al. 2022]



THANKS FOR 
ATTENTION!

Project link: 
https://wangningbei.github.io/2023/GMBBRDF.html
E-mail:
yuangcui@outlook.com
pangaole@njust.edu.cn
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