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TAKE-HOME MESSAGE

- How to use practical control variate to improve Global Illumination. 

- Attention: Math ahead!

Baseline (1.00x) Ours (1.90x) Vévoda et al.(1.33x) Baseline (1.00x) Ours (1.48x) Vévoda et al. (1.05x)



Hua et al. 2023, Revisiting Controlled Mixture Sampling for Rendering Applications 3

Ipixel = ∫X
f(x)dx

BACKGROUND

 = pathsX
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OURS

Ipixel = ∫X
f(x)dx  = pathsX
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BACKGROUND

Importance Sampling

f (x)

x

p(x)

F
xx

∫ g(x)dx ∫ f (x) − g(x)dx

Control Variate
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BACKGROUND

Importance Sampling

f (x)

x

p(x)
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IMPORTANCE SAMPLING

F = ∫X
f(x)dx

≈ ⟨F⟩ =
1
n

n

∑
i=1

f (xi)
p (xi)

f (x)

x

p(x)
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IMPORTANCE SAMPLING

HARD!

f (x)

x

p(x)
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IMPORTANCE SAMPLING

p1(x) p2(x) p3(x)
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MULTIPLE IMPORTANCE SAMPLING

p1(x) p2(x) p3(x)

w1 w2 w3

⟨F⟩MIS = ∑
k

nk

∑
i=1

wk (xi,k) f (xi,k)
nk pk (xi,k)

.
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light source sampling
[Veach 1997]

MULTIPLE IMPORTANCE SAMPLING
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BSDF sampling
[Veach 1997]

MULTIPLE IMPORTANCE SAMPLING
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MIS weighted
[Veach 1997]

MULTIPLE IMPORTANCE SAMPLING
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MULTIPLE IMPORTANCE SAMPLING

p1(x) p2(x) p3(x)

w1 w2 w3

⟨F⟩MIS = ∑
k

nk

∑
i=1

wk (xi,k) f (xi,k)
nk pk (xi,k)

.
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MULTIPLE IMPORTANCE SAMPLING

⟨F⟩MIS = ∑
k

nk

∑
i=1

wk (xi,k) f (xi,k)
nk pk (xi,k)

.

• Different weighting functions 
• Provably good: Balance, Power, Maximum [Veach and Guibas 1995] 

ŵi(x) =
nipi(x)

∑k nk pk(x)
.
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MULTIPLE IMPORTANCE SAMPLING

⟨F⟩MIS = ∑
k

nk

∑
i=1

wk (xi,k) f (xi,k)
nk pk (xi,k)

.

• Different weighting functions 
• Provably good: Balance, Power, Maximum [Veach and Guibas 1995] 
• Optimal: Optimal MIS [Kondapaneni et al. 2019]

[Kondapaneni et al. 2019] Fig. 1(c)
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MIXTURE SAMPLING

p1(x)

⟨F⟩mix =
1
n

n

∑
i=1

f (xi)
∑k ck pk (xi)

c1

p2(x) p3(x)

c2 c3



Hua et al. 2023, Revisiting Controlled Mixture Sampling for Rendering Applications 18

MIXTURE SAMPLING

⟨F⟩mix =
1
n

n

∑
i=1

f (xi)
∑k ck pk (xi)

p2(x)

c2

p1(x)

c1

p3(x)

c3
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MIXTURE SAMPLING

⟨F⟩mix =
1
n

n

∑
i=1

f (xi)
∑k ck pk (xi)

Guiding
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MIXTURE SAMPLING

⟨F⟩mix =
1
n

n

∑
i=1

f (xi)
∑k ck pk (xi)

Guiding mix Bsdf
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MIXTURE SAMPLING

⟨F⟩mix =
1
n

n

∑
i=1

f (xi)
∑k ck pk (xi)

c2
c1

Per-light mixture
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MIS + MIXTURE

p1(x)

c1 c2

p2(x) p3(x)

c3

1st mixture of pdfs 2nd mixture of pdfs

c2

p2(x)p1(x)

c1

p3(x)

c3
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MIS + MIXTURE

Combine use MIS
⟨F⟩mix+mis

p1(x)

c1 c2

p2(x) p3(x)

c3

1st mixture of pdfs 2nd mixture of pdfs

c2

p2(x)p1(x)

c1

p3(x)

c3
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OUR CONTRIBUTION

Baseline (1.00x) Ours (1.48x) Vévoda et al. (1.05x)
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OUR CONTRIBUTION

• Generic theory 
• Benefits from Optimal MIS and optimised mixture sampling 

• Applicable to any MIS/mixture sampling technique 

• Optimise one CV for multiple integrals => Global Illumination 

• Practical use case 
• Multi-light & Bsdf sampling

Baseline (1.00x) Ours (1.48x) Vévoda et al. (1.05x)
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BACKGROUND

F
xx

∫ g(x)dx ∫ f (x) − g(x)dx

Control Variate
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CONTROL VARIATE

F

∫ f(x)dx

x
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CONTROL VARIATE

F
xx

∫ g(x)dx ∫ f(x) − g(x)dx

f(x) ≈ g(x)AnalyticalLow variance
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CONTROL VARIATE

⟨F⟩CV
f (x) − g(x)

p(x)G

F
xx

∫ g(x)dx ∫ f(x) − g(x)dx
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CONTROL VARIATE

⟨F⟩CV
f (x) − g(x)

p(x)G

(  integrates to 1)pi

Owen and Zhou 2000 ⟨F⟩mixCV =
N

∑
i

αi+
f(x)− ∑k αk pk(x)

∑k ck pk(x)Mixture Sampling
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CONTROL VARIATE

⟨F⟩CV
f (x) − g(x)

p(x)G

(  integrates to 1)pi

Owen and Zhou 2000 ⟨F⟩mixCV =
N

∑
i

αi+
f(x)− ∑k αk pk(x)

∑k ck pk(x)Mixture Sampling
g(x) =
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CONTROL VARIATE

⟨F⟩CV
f (x) − g(x)

p(x)G

(  integrates to 1)pi

Owen and Zhou 2000 ⟨F⟩mixCV =
N

∑
i

αi+
f(x)− ∑k αk pk(x)

∑k ck pk(x)Mixture Sampling

⟨F⟩o =
N

∑
i=1

αi+
N

∑
i=1

ni

∑
j=1 (

f(xij)− ∑k αk pk(xij)

∑k nk pk(xij) )Kondapaneni et al. 2019
Optimal MIS
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OUR THEORY

(  integrates to 1)pi

Owen and Zhou 2000 ⟨F⟩mixCV =
N

∑
i

αi+
f(x)− ∑k αk pk(x)

∑k ck pk(x)Mixture Sampling

⟨F⟩o =
N

∑
i=1

αi+
N

∑
i=1

ni

∑
j=1 (

f(xij)− ∑k αk pk(xij)

∑k nk pk(xij) )Kondapaneni et al. 2019
Optimal MIS

Same time!
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BSDF Mixture

OUR EXAMPLE APPLICATION

c2c1
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Per-light Mixture         

OUR EXAMPLE APPLICATION

c2

c3
c1
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BSDF Mixture Per-light Mixture         
MIS

OUR EXAMPLE APPLICATION
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DEFENSIVE SAMPLING



Hua et al. 2023, Revisiting Controlled Mixture Sampling for Rendering Applications 38

PREVIOUS WORK

No high dimension!
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PROBLEM

1st CV
Depth: 2

Depth: 3

Depth: 4

39

2nd CV

3rd CV
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bi = ∫
pi f

∑ ck pk
aij = ∫

pi pj

∑ ck pk

#N NUMBER OF SAMPLING TECHS

PROBLEM

⟨F⟩mixCV = ∑
i

αi+
f(x)− ∑i αi pi(x)

∑i cipi(x)
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Depth: 2

Depth: 3

Depth: 4

41

?
CV

PROBLEM
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OURS

y
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OURS

y′ 

z′ 

x′ 

y
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OURS

z′ 

x′ y′ 
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OURS

N

∑
i

αi pi(z |y, x)

x′ 

z′ 

y′ 
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OURS

x′ ′ 

z′ ′ 

N

∑
i

αi pi(z |y, x)

y′ ′ 
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RESULTS
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PREVIOUS WORK
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OUR CV

Vévoda et al.        

Ours

Bsdf Mixture
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Baseline (1.00x) Ours (1.72x) Vévoda et al. (1.79x)

Baseline (1.00x) Ours (1.48x) Vévoda et al. (1.05x)

50

PATH TRACING (EQUAL TIME)

Baseline (1.00x) Ours (2.75x) Vévoda et al.(1.29x)
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Baseline (1.00x) Ours (1.90x) Vévoda et al.(1.33x)

51

PATH TRACING (EQUAL TIME)
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PATH TRACING (EQUAL TIME)
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Baseline (1.00x) Ours (2.75x) Vévoda et al.(1.29x)

53

PATH TRACING (EQUAL TIME)

Baseline Vévoda et al.

Ours (64) Ours (256)
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OVERHEAD
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FUTURE WORK

• Better spatial subdivision criteria 
• More applications… 
− Path Guiding 

− Spectral Rendering 

− Differentiable Rendering
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SUMMARY

• Generic theory: 
• Optimise one CV for multiple integrals 
• Optimal MIS + optimised mixture sampling 
• Applicable to any sampling technique 

• Practical use case 
• Multi-light & Bsdf sampling
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THANK YOU!

Paper and source code


