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COMPLEX TWO-PHASE FLOW SIMULATION
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1. needs high resolution, small timesteps

2. requires dynamic boundary conditions

3. real water/air density ratio is ~1000

4. often involves high Reynolds number 

(i.e., turbulent flows with little viscosity)

5. huge variety of visual behaviors

• from bubbling, wetting…

• to waterspouts…

• and stone skipping!

Challenging task…
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TWO-PHASE FLOW SIM STILL BRITTLE, THOUGH…

• Kinetic single-phase solvers made great progress…

− now support turbulent flows

− as well as static and dynamics solid coupling

• Kinetic two-phase solvers lag behind

− often require local dampening to prevent blowups

− handle dynamic one-way coupling with solid objects only for slow speeds
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Can we remove this limitation?

Li et al. 2020 (SIGGRAPH)

Lyu et al. 2021 (SIGGRAPH ASIA)

Li et al. 2022 (SIGGRAPH)



KINETIC TWO-PHASE FLUIDS

9

𝜕𝜌

𝜕𝑡
+ ∇ ∙ 𝜌𝒖 = 0

𝜕 𝜌𝒖

𝜕𝑡
+ ∇ ∙ 𝜌𝒖𝒖 = −∇𝑝 + ∇ ∙ Π + 𝐅𝑠 + 𝐅𝑏

∇ ∙ 𝒖 = 0

𝜕𝜙

𝜕𝑡
+ ∇ ∙ 𝜙𝒖 = ∇ ∙ 𝑀 ∇𝜙 −

4

𝜉
𝜙 1 − 𝜙 𝒏

𝐅𝑠 = 𝜒𝜙∇𝜙

𝐅𝑝 = −𝑝∗𝑐2∇𝜌

𝐅𝜇 = 𝜐 ∇𝒖 + ∇𝒖 𝑇 ∇𝜌

Equations of fluid motion

Equation of fluid interface
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High-order central-moment collision model 

Li et al. 2022 (SIGGRAPH) 
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EARLY TESTS ON ONE WAY COUPLING
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EARLY TESTS ON ONE WAY COUPLING
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Lessons learned [Li et al. 2022]

❑ Numerics of 𝜙 and its gradient ∇𝜙 crucial

o in particular, fine phase field better

o spurious approximations of ∇𝜙 deadly

❑ Unstable moving boundary treatment



CONTRIBUTION 1
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Enhanced evaluations of 𝜙 & ∇𝜙



FINER RESOLUTION FOR PHASE FIELD EQUATION

Phase field grid twice finer than flow grid

− and staggered for increased accuracy
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{ℎ, 𝜙, ∇𝜙}

{𝑔, 𝜌, 𝒖, 𝐅}



Simple interpolation to get values across grids
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FINER RESOLUTION FOR PHASE FIELD EQUATION

𝜙

On the flow grid:

interpolate ϕ from phase grid with equal weights



Simple interpolation to get values across grids

20

FINER RESOLUTION FOR PHASE FIELD EQUATION

𝒖

On the flow grid:

interpolate ϕ from phase grid with equal weights

On the phase field grid:

interpolate 𝒖 from phase grid through bilinear weights



FINER RESOLUTION FOR PHASE FIELD EQUATION

Time integration driven by the flow, in three steps
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Flow field

Phase field



IMPROVING (UN)NORMALIZED PHASE GRADIENT

Interface normal in phase equation:

Two very different evaluations:

− isotropic LBM finite difference [Li et al. 2022]
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Interface normal in phase equation:

Two very different evaluations:

− isotropic LBM finite difference [Li et al. 2022]
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23

𝜕𝜙

𝜕𝑡
+ ∇ ∙ 𝜙𝒖 = ∇ ∙ 𝑀 ∇𝜙 −

4

𝜉
𝜙 1 − 𝜙 𝒏

𝜙 = 

𝑖

3𝑤𝑖𝒄𝑖𝜙𝑖 𝐱 + 𝒄𝑖 , 𝑡



IMPROVING (UN)NORMALIZED PHASE GRADIENT

Interface normal in phase equation:

Two very different evaluations:

− isotropic LBM finite difference [Li et al. 2022]

− Directly through central first-moment [Geier et al. 2015] 

− Hence our new approach:
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IMPROVING (UN)NORMALIZED PHASE GRADIENT
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IMPROVING (UN)NORMALIZED PHASE GRADIENT

• Critical issue: ∇𝜙 evaluation in forces  
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𝐅𝑠 = 𝜒𝜙∇𝜙

𝐅𝑝 = −𝑝∗𝑐2∇𝜌

𝐅𝜇 = 𝜐 ∇𝒖 + ∇𝒖 𝑇 ∇𝜌
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CONTRIBUTION 2
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Stable boundary treatment



FLUID-SOLID COUPLING

• Momentum-based distribution moving bounce-back scheme [Ladd 1994]
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FLUID-SOLID COUPLING

• Velocity-based distribution moving bounce-back scheme 
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𝒈 =
𝒇

𝜌



FLUID-SOLID COUPLING

• Resulting forces and torques on solids
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Momentum exchange in        direction



FLUID-SOLID COUPLING

• Resulting forces and torques on solids
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Treatment of cut-cells dependent on obstacle covering nodes or not

− based on link intersection, can classify cut-cell nodes as unchanged, dead, or fresh

CUT-CELL UPDATES
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OR



Treatment of cut-cells dependent on obstacle covering nodes or not

− based on link intersection, can classify cut-cell nodes as unchanged, dead, or fresh

CUT-CELL UPDATES
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Treatment of cut-cells dependent on obstacle covering nodes or not

− based on link intersection, can classify cut-cell nodes as unchanged, dead, or fresh

CUT-CELL UPDATES
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Note

Dead/fresh definitions via “crossing” 

apply to thin shells too!

(no need for inside/outside)



Treatment of cut-cells dependent on obstacle covering nodes or not

− based on link intersection, can classify cut-cell nodes as unchanged, dead, or fresh

− updates of cut-cell nodes are then simple:

• unchanged: do usual bounce-back (be it inside or outside obstacle)

• fresh: do usual bounce-back 

• dead: set phase distribution to zero, then do usual bounce-back

• thin shell’s fresh and dead: set phase distribution to zero, then do usual bounce-back

CUT-CELL UPDATES
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conservative

lose a little volume in phase
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Results



AIRPLANE DITCHING
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CAR IN A FLOOD
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WATER FROTHING
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AIR-DRIVEN EDDIES
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SPACESHIP SURFACING FROM UNDERWATER
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CUPS
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ONION THROWING
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FLOATING PAPER BOAT
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STONE SKIPPING
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DISK SLIDING
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NOZZLE CLEANING
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TOY WARRIORS
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RAINING BUNNIES AND COWS
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Comparisons



COMPARISON WITH [LI ET AL. 2022]
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KEY DROP
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COIN TOSS IN WATER
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THANK YOU!
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