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Brief History

« Computational Topology is first presented in:
Dey T K, Edelsbrunner H, Guha S. Computational topology. Contemporary mathematics, 1999, 223: 109-144.
« Computational Geometry - Computational Topology
» Topological Data Analysis: Proposed in 2009, a classical application of TDA is published in 2011

Carlsson G. Topology and Data. Bulletin of the American Mathematical Society, 2009, 46(2): 255-308.

Monica Nicolau, Arnold J. Levine, and Gunnar Carlsson, “Topology-Based Data Analysis Identifies a subgroup of Breast Cancers with a
Unique Mutational Profile and Excellent Survival,” Proceedings of the National Academy of Sciences 108, no. 17 (2011): 7265-70.
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change the loop in the shape. (Wikipedia:

Topology)




Topological Inference for
point cloud data
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« How 1o infer the essential topological features of a hidden shape?
« To extract components, loops, voids and higher dimensional features
« To measure their importance
« Stable with respect of small perturbations

 Mathematical Background
« Algebraic Topology (Homology Theory)
 Stafistics
« Geometry

« A promising bridge between topology and geometry in the view of
computation



2. Persistent Homology




I 2.1 Homology

k-simplex

Co
(vertices)

Simplicial Complex

k-homology group contains
different types of k-holes.

The rank of homology group is
the Betti numbers.
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2.2 Filtration
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Filtration (Cech complex)

As the radii of open balls grow, the simplicial complex can be constructed on point cloud
data, which gives a nested complex sequence, a filtration.



* As time goes by, the radii of
open balls grow

« New k-holes are born

« Some k-holes are destroyed
by higher-dimensional
simplex and die

Barcode
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Barcode Persistence Diagram
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and Stability

I 2.5 Distance

death
L ]
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]
birth

o

Wo(X.Y) = inf
1 X—=Y X

sup ||z — n(x)||

death

— -
birth

W (XY) < I = gl

The Wasserstein distance of two persistence diagrams is controlled by the
small perturbations on the tame function f

|



3. Representation of Persistence Diagrams




I 3.1 Motivation

» Analysis and applications of PDs

« To extract more statistical information from PDs
« To learn from PDs via machine learning approaches
« To design feature descriptors using PDs

* Space of PD with metric W/,

* Irregular points on a PD
- Inefficient to compute the W, distance

death
&
o

_—
birth

should
representdaiion. W,(PDD, PD) =inf( Y~ lu—b(u)|2,)"/”

ue PD)

Vectorizing Representation of a PD:
to map a PD into a Hilbert space.
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3.2 Vectorizing a PD or a barcode by binning @

Persistent Barcode Persistent Diagram
14 14 A
100 - A 12 T ¢
. » o A
10 10 . Oe? 10 Rotated © B
= 8 :‘"J_.'w"' B Persistent
; A 4 - Diagram
‘*\u
J_ﬁﬁ A
10 at 3 - ) .
2 ' '
A 2
0
10 0 5 10

-+ 1 Feature generation by binning

S - -
sshaspaspanps L s

* To construct the filtration (a nested sequence of simplicial complexes) and to compute PD or barcode
« To convert a PD or a barcode into a function or a series of functions (generally, an element of a Hilbert space)
» To generate finite vector representations usually by binning, sampling, etc.
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« Persistence landscapes (PL, Bubenik;
2015) provide a topological
summary to analyze PDs with
statistical approaches (means,
confidenftial inferval, distributions)

« PDs or barcodes are tfransformed
intfo a series of 1-Lipschitz functions
(shown in the left-bottom figure).
And the stability of PL is guaranteed
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The persistence image (Pl) provides a representation of the information in a persistence
diagram that allows to transform it info a vector

The Gaussian function is chosen at each point in the persistence diagram
It makes the results of persistent homology available in ML algorithms such as linear SVM

[Adams et al., Persistence Images: A Stable Vector Representation of Persistence Homology, 2017]



3.5 Persistence B-spline Grid ) imir kg
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Transform a PD info the birth-persistence coordinates and assign a value to each point in a PD to illustrate the
importance of the topological features

Fit the data points in 3D by a cubic uniform B-spline surface using the technique of progressive and iferative
approximation for least squares B-spline surface (LSPIA)

Finally, the control grid is obtained to generate a vector by concatenating rows of z-coordinates of the control grid
Persistence B-spline Grid is defined by the matrix formed by z-coordinates of the control points
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3.6 Kernel methods ) g
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Persistence diagrams

0,
. Kernel 5WVM
. k(DLDIJ e H(DI-DH} KEI"P'IE' PCA
Persistent ; D5 K= - —
remeleay k(Dn.D1) -+ k(Dw.Dn) Gaussian processes
Kermel construction
four contribution)
Dy

« Theidea s to define a kernel for persistence diagrams to enable a theoretically sound use of
these summary representations in the framework of kernel-based learning techniques

« They include, persistence scale space kernel (PSSK, 2015; Reininghaus et al.), Persistent weighted
Gaussian kernel (PWGK, 2016; Kusano et al.), Persistence Fisher Kernel (2018; Le and Yamada), etc.
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4. Applications in Geometric Design and
Related Areas




ILI.l Shape Description

121418

« The persistence diagram corresponding to this family is shown in the right

« The pink, blue, light blue, black and green points correspond to the middle, index,
rng, pinky and thumb respectively

[Carriere et al, Stable Topological Signatures for Points on 3D Shapes, 2015]
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4.2 Clustering of Point Clouds
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Fig. 6. The twin spirals data set from Figure 2, processed using a smaller Rips parameter: (a) the persis-
tence diagram; (b) the final clustering with late appearing connected components filtered out (in black).

[Chazal et al. Persistence-Based Clustering in Riemannian Manifolds, 201 3]
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4.2 Clustering of Point Clouds

* The rings are detected by the clustering method with persistence (left)

« Compared with the result obtained by spectral clustering (right)
Chazal et al. Persistence-Based Clustering in Riemannian Manifolds, 2013
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4.3 Topological Denoising )i f

(a) Original data. (b} Result for P =0.4. (c) Result for P= 1.5.
14492 extrema. 279 extrema. 12 extrema.

Figure 10. Temperature in the Hurricane Isabel data set (slice z = 20). Using persistence-based filtering, we create a hierarchy of scalar fields: with
increasing persistence P, our method creates increasingly smoother versions of the data.

« Keep the salient features while using a denosing method

GuUnther et al., Fast and Memory-Efficient Topological Denoising of 2D and 3D Scalar Fields, 2014
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4.4 Topology—aware Reconstruction

1.2¢ (f(p).0)
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+ BrUel-Gabrielsson, Rickard, et al. "Topology-Aware Surface Reconstruction for Point Clouds." Computer Graphics
Forum. Vol. 39. No. 5. 2020.
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4.4 Topology—aware Reconstruction
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« Objective Function:

—((dy —b1)* = (dr — b2)*)

—((d2 — b2)* — (d3 — b3)°)

» BrUel-Gabirielsson, Rickard, et al. "Topology-Aware Surface Reconstruction for Point Clouds." Computer Graphics
Forum. Vol. 39. No. 5. 2020.
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N/ To decompose the extended
.

PRF on Haar basis
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death

To extract PRF

—>

birth

@ To symmetrize

E-_3

Zhetong Dong, Chuanfeng Hu, Chi Zhou, Hongwei Lin, Vectorization of persistence barcode with applications in pattern
classification of porous structures , Computers & Graphics, Volume 90, 2020,Pages 182-192



4.5

HEH o —

P I ! Homology
SVM
Input

ANN RF

Classifiers

Classifier Accuracy

—>

Characterization

LR

=T — I~ T — T — T = |

KMeighborsClassifier
RandomForestClassifier
GradientBoostingClassifier
LogisticRegression
LinearSVC

SVC

0.990000
0.986111
0.985000
0.982222
0.981667
0.990000

A high-dimensional vector

-3
111

A low-dimensional vector




L} .6 Multiscale Persistent Topological Descriptor

510

ZHEJIANG UNIVERSITY

» Pipeline for generating multiscale persistent topological descriptor

Real-valued function with

Pore surface of a zeolite
framework different parameter ¢
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MS-BN function approximated
by a B-spline surface

q
Betti number curves

Descriptor
produced from barcodes P

Zhetong Dong, Junyu Pu, Hongwei Lin. Multiscale Persistent Topological Descriptor for Porous Structure Retrieval. SIAM-GD 2021, Computer Aided

Geometric Design, 88: 102004 (2021)
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4.6 Multiscale Persistent Topological Descriptor

 Retrieval results of the channel surfaces of DON

Query Results o
W, U o _ _
:ogogc y &QO«@ % 0 Retrieval performance on the synthetic porous data set
' MSPTD \
ok » Methods/Accuracy (%) NN FT ST DCG
oVt o WER @ O %00 " " SI-HKS with histogram  90.1 733 916 027
ooo( - % Ao SLHKS with BoF SI3 761 010  OLS
e ‘E« '0'¢D :
T PL descriptor 68.1 593 750 834
W, V¢ PI descriptor R1.5 71.8 86.7 90.1
»0 0 :
0vC ‘W W ay M& PRF descriptor SI8 741 875 906
79030 0" }‘ MSPTD (ours) 049 784 945 95.5
ey K
Bt = v I
e
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4.7 Topology Editing for Point Cloud ‘) 2k F
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Topology Editing Results:

EMD/CD

* Cup with arc-shaped handle to cup with 3-shaped handle T ~
* Cup without handle to cup with handle g

n Encoder z
. (PointNety

ey 7 Decoder
@ (mlp{256, 256, ——

" 7 el

-'"""'..": TopologyNet By
N {fixed) ,.

s

Chi Zhou, Zhetong Dong, Hongwei Lin. Learning persistent homology of 3D point clouds. Computers & Graphics, 102: 269-279 (2022)
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4.8 Point cloud interpolation
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Interpolation Results:
* The left most and right most are the input point clouds
 The middle point clouds are generated by interpolation using topological implicit vector

Chi Zhou, Zhetong Dong, Hongwei Lin. Learning persistent homology of 3D point clouds. Computers & Graphics,
102: 269-279 (2022)
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4.9 Topology—controllable implicit surface reconstruction

Pipeline

H1PD H1 PD

death

death

el gd—y
e . T
L] L] ]
Car— -
L) A
hirth hirth

EESEESSSRSESE (c) Compute PDs
Ground truth model (a) Compute discrete by unsigned .
G signed distance tield | distance field
G H1PD
»
. = I ﬂ

el . . . 3 g (e) After optimization,
T Extract near-zero 1so-
Obtain B — i target: mm —bg surface
(1) Sampling points : .
with normal (b) Fit the distance field with (d) Design topological
(2) Topology priors. umplicit B-spline function target function and

update the coefficients
of the B-spline function

Zhetong Dong, Jinhao Chen, Hongwei Lin. Topology-controllable Implicit Surface Reconstruction Based on Persistent Homology. Computer-Aided Design,150: 103308 (2022)
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4.9 Topology—controllable implicit surface reconstruction

Surface reconstruction in different sampling cases

» Sparse Sampling
Input Point Screened Implicit Ours
Cloud Poisson PIA
, \ [
ant N % %
(!

snake @
hand é‘
chair %

(a) Results from sparse and uniform sampling point clouds.
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4.9 Topology—controllable implicit surface reconstruction
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0.02 4

0.01 1 ® Before Optimization

@ Afer Optimization

0.00

0.00 0.06

002 . . 004
Changes on the PD

Original Shape Input Point Cloud Before Optimization After Optimization
(a) Topology repatr.

Application: Topology repair

Motivation: To repair these topological errors through topology-controllable optimization.

Topology-controllable optimization: To minimize L(Y) = ¥ . b;, where b;’s denote the birth values of
the four most persistent 1D features, representing four loop structures in the shape.

Result: The broken loop appeared on the extracted surface after topology-controllable optimization.
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4.9 Topology—controllable implicit surface reconstruction

1-PD

0.04 A
0.03 -
_§ 0.02 -

0.01 1

0.00 -
0.00 001 0.02 0.03 0.04
birth

Changes on the PD

Original Shape Input Point Cloud Before Optimization After Optimization
(b) Hole removal.

Application: Hole removal

Motivation: To remove the 1D holes (1D homology classes) on the shape.

Topology-controllable optimization: To minimize L) =d, — b,, where (b,,d,) represents the
persistence pair of the second most persistent feature.

Result: The extracted surface was obtained with the removed small-scale handle loop.
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4.10 Connectivity—quaranteed porous synthesis

e Workflow:

map to physical

A trivariate B-spline solid domain

A porous sample of
size 50 x 50 x 50

Synthesized porous of
size 100 % 100 x 100

The final synthesized porous model

Porous structure represented by an
implicit B-spline function

Depeng Gao, Jinhao Chen, Zhetong Dong, Hongwei Lin. Connectivity-guaranteed porous synthesis in free form model by persistent homology.
Computers & Graphics, 106: 33-44 (2022)




I 4.10 Connectivity—quaranteed porous synthesis

* Comparison with Boolean intersection :

(b)
Porous model obtained Porous model obtained
by the proposed method from Boolean operation
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I 4.10 Connectivity—quaranteed porous synthesis

* Porous scaffold manufactured
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5. Conclusion




I 5 Conclusion

« Compu
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tational Geometry > Computational Topology
ter Aided Geometric Design »>Computer Aided Topologic Design
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