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BACKGROUND AND MOTIVATION 

• Simulation of Incompressible Flow

− NS Equation

• Viscous and non-viscous
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BACKGROUND AND MOTIVATION 

• Simulation of Incompressible Flow

− Projection Method (Chorin, 1967)

− Variational Viscosity (Batty, 2008)

• Advection:

• Pressure: ,

• Viscosity:
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BACKGROUND AND MOTIVATION 

• Pressure Poisson Equation

− Discretization
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2D Cartesian Grid

Parallelly Calculating the Matrix-Vector Multiplication in a Matrix-Free Fashion!



BACKGROUND AND MOTIVATION 

• Pressure Poisson Equation

− SIMD - Single Instruction/Multiple Data
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2D Cartesian Grid

A floating point number 32 bits

Intel AVX register 256 bits

Parallel computation of the above operation from j=k to j=k+8



BACKGROUND AND MOTIVATION 

• Pressure Poisson Equation

− OpenVDB

• Variant of B+Tree

• A leaf Node contains 8X8X8 voxels

• Improve cache locality
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BACKGROUND AND MOTIVATION 

• Pressure Poisson Equation

− Linear Solver

• Gauss-Seidel, Damped/Scheduled Jacobian, SOR

• DPCG/ICPCG

• Geometric multigrid method

• Adaptive octree approach

• UAMMG
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• How to be compatible with SIMD implementation?



BACKGROUND AND MOTIVATION 

• Variational Viscosity Equation

− Discretization

• Poisson Equation + Cross Term

• Three channels of velocity

− Linear Solver

• Inefficient smoother for multigrid
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UAAMG

• Multigrid and AMG

− High-frequency error can be quickly smoothed

− Transform ‘low-frequency' error into “high-frequency”

• Solve on fine grid

• Compute residual of the equation

• Restriction, down-sample residual to coarse grid

• Solve on coarse grid

• Prolongation, interpolate correction to fine grid

• Update the fine grid solution
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UAAMG

• Multigrid and AMG
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Fine level, equation: ,  error:

Residual:

Restriction to coarse level:

Coarse level, equation:

Prolongation and correction:

• Coarsening: get matrix 

• Geometric Multigrid:

• Coarse grid matrix depends on the 

discretization

• Algebraic Multigrid:

• Coarse grid matrix is calculated following 

Galerkin Principle 



UAAMG

• Multigrid and AMG

− Algorithm Overview

− Key Components:

• Smoother

• Matrix on each level A

• Prolongation P, Restriction R

• Matrix Vector Multiplication
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UAAMG

• Unsmoothed Aggregation

− Aggregation: Each fine mesh element maps to only one coarse mesh element 

− Unsmooth: Piece-wise constant restriction/prolongation

− Geometric information:  1 coarse voxel contains 8 fine voxels
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Galerkin Principle:



UAAMG

• Matrix-free Coarsening

− Explicit matrix multiplication for                      is avoided 

− Using geometric information

• Diagonal:

• Off-diagonal:
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UAAMG

• Matrix-free Matrix Vector Multiplication
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• Matrix-free matrix vector multiplication is done by:

• Multiplying coefficient SIMD vector and DOF SIMD vector

• Summing up

• Red: x direction

• Green: y direction

• Blue: z direction



EXPERIMENTS AND RESULTS 

• Unit Test – Pressure Poisson Equation

− Compact Scene

• Compared to best baseline ICPCG

• 20X, 59X, 147X for different resolutions 

− #DOFs, 2M, 17M, 135M

− Sparse Scene

• SIMD perform well unless in extreme sparse scene
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EXPERIMENTS AND RESULTS 

• Unit Test – Pressure Poisson Equation

− SMID vs Naïve Approach

− Matrix-free Coarsening

− Default Tree Trimming

− Compared to AMGCL
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Resolution 256



EXPERIMENTS AND RESULTS 

• Unit Test – Variational Viscosity Equation

− Different Resolutions

• Compared to best baseline DPCG for low/high viscosity coefficient 

• 0.62X, 1.98X, 3.09X, 3.99X for low viscosity

• 8.92X, 32.35X, 51.22X, 63.74X for high viscosity

− #DOFs, 2M, 15M, 49M

− Speedup vs. Viscosity Coefficient 

• UAAMG performs well for stiff cases
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EXPERIMENTS AND RESULTS 

• Unit Test – Variational Viscosity Equation

− SMID vs Naïve Approach

− Matrix-free Coarsening 

− Default Tree Trimming

− High/Low viscosity 
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EXPERIMENTS AND RESULTS 

• Complex Scene - non-viscous flow
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2.94X 5.32X 3.55X

• Compared to Houdini, adaptive octree approach, per-step statistics 



EXPERIMENTS AND RESULTS 

• Complex Scene - viscous flow
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• Compared to Houdini, adaptive octree approach for both pressure Poisson and variational viscosity equation, per-step statistics 

4.20X

6.73X
2.00X

2.69X

2.45X          3.73X         14.62X   



EXPERIMENTS AND RESULTS 
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SUMMARY

• Contributions

− A matrix-free matrix vector multiplication implementation using SIMD and OpenVDB

− A Galerkin coarsening strategy which preserves stencils

− A parallel implementation of the coarsening strategy

− A multi-color Gauss-Seidel smoother which is efficient for variational viscosity equation
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SUMMARY

• Our Website

− http://computationalsciences.org/publications/shao-2022-multigrid.html
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Thank you for listening!
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