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Motivation

@Gizmodo https://youtu.be/QyhYLg9JakA
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Lagrangian View Eulerian View

[Kim et al. 2018]

[Huang et al. 2018]

[Ni et al. 2020]

[Huang et al. 2020]

• Conservation of mass

• Contact handling

• Advection tracking 

• Discretization of differential operator

• Long-distance magnetic interaction

• Visualization of a magnetic field
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Contributions

A hybrid Lagrangian-Eulerian
framework for magnetic simulation

Modeling nonlinear magnetization 
for continuums

An efficient Newton-based    
algorithm 

Fluid Elastic body

Nonlinear
magnetization

Linear
magnetization
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Physical Modeling
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Dynamics
• Governing equation

𝜌
D𝑣

D𝑡
= 𝒇m + 𝒇e + 𝜌𝒈

• Elastic force density 𝒇e
• Elastic stress tensor 𝝈
• 𝒇e = ∇ · 𝝈

• Magnetic force density 𝒇m
• Maxwell stress tensor 𝑻

𝑻 = 𝑩⊗𝑯−
𝜇0

2
𝐻2𝑰

• 𝒇m = ∇ · 𝑻

𝒇m

𝒇e

𝜌𝒈
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Concepts in Magnetism

• Magnetic induction intensity B

• Magnetic field intensity H

• Magnetization intensity  M

• B = 𝜇0(H+M)

• 𝑯 = 𝑯ext +𝑯int

• Magnetization model 𝑴 = 𝑴(𝑯)

B

H M

𝑯ext 𝑯int

✓ ?
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Magnetization Model

• Linear magnetization model

𝑴 𝑯 = χ𝑯
• χ — magnetic susceptibility

• Issue
• Unsaturated 𝑴 is nonphysical

• Instability in simulation
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Magnetization Model

• Nonlinear magnetization model

𝑴 𝑯 = 𝑛𝑚𝐿(
𝜇0𝑚𝐻

𝑘𝐵𝑇
)
𝑯

𝐻
• Thermodynamic statistical 

derivation

• 𝑛 —number density

• 𝑚 — magnetic moment

• Langevin function
𝐿 𝛼 = cothα − 1/α

• Linearization

෨𝐿 𝛼 = α/3
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Langevin Function
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Comparison Experiment

Nonlinear Magnetization Linear Magnetization
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Internal Magnetic Field Intensity 

[Ni et al. 2020]

• Derived from Maxwell’s equations
−∇ · 𝑯int −𝑴 𝑯ext +𝑯int = ∇ · 𝑯ext

• 𝑯int conservative

𝑯int = −∇φ
• Simplified Equation

∇𝟐φ −𝑴 𝑯ext +𝑯int = ∇ · 𝑯ext
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Numerical Scheme
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Algorithm Overview
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Particles To Grid
• Target

∇𝟐𝜑 − ∇ · 𝑴 𝑯ext − ∇𝜑 − ∇ · 𝑯ext = 0

• Method
• Record molecule number on 

particles

• Scatter molecule number from 

particles to grid nodes

• Calculate number density on grid 

nodes 

Molecule number density
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Discretization
• Continuous equation

∇𝟐𝜑 − ∇ · 𝑴 𝑯ext − ∇𝜑 − ∇ · 𝑯ext = 0

• Field discretization
𝜑 → ෝ𝝋,  𝑯ext → ෡𝑯ext, 𝑴 → ෡𝑴

• Operator discretization
• Finite difference method

• Gradient operator ∇→ 𝐆
• Divergence operator ∇ ·→ 𝐆T

• Discretized equation
𝑭 ෝ𝝋 = 𝐆T𝐆ෝ𝝋 − 𝐆T ෡𝑴−𝐆T෡𝑯ext = 𝟎

ෝ𝝋 =

𝜑1
𝜑2
·
·
·
𝜑𝑖
·
·
·
𝜑𝑁

𝜑𝑖𝑖
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Newton-Raphson Solver
𝑭 ෝ𝝋 = 𝐆T𝐆ෝ𝝋 − 𝐆T ෡𝑴 − 𝐆T෡𝑯ext = 𝟎

• Solve iteratively
• Start with ෝ𝝋0 from previous frame

• Variation Δෝ𝝋𝑛

• Linear System 𝑭′ ෝ𝝋𝑛 Δෝ𝝋𝑛 = −𝑭(ෝ𝝋𝑛)
• 𝑭′ ෝ𝝋𝑛 symmetric positive definite

• Preconditioned conjugate gradient 

• Scaling factor λ𝑛

• Start with λ𝑛 = 1
• Backtracing

λ𝑛 = λ𝑛 / 2 until 𝑭 ෝ𝝋𝑛 + λ𝑛Δෝ𝝋𝑛 < 𝑭 ෝ𝝋𝑛

• Update
ෝ𝝋𝑛+1 = ෝ𝝋𝑛 + λ𝑛Δෝ𝝋𝑛

• End when 𝑭 ෝ𝝋𝑛 < ε
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Momentum updating

• Magnetic force on node 𝑖
Ω𝑡𝑛׬ 𝑁𝑖 𝒙 ∇ · 𝑻 𝒙, 𝑡𝑛 d𝒙

• Domain splitting
σ𝑗 ∇ · 𝑻 𝑗 Ω𝑗׬

𝑁𝑖 𝒙 d𝒙

• Finite Difference

∇ · 𝑻 𝑗α ≈ σβ

𝑻𝑟β𝑗 αβ
− 𝑻𝑙β𝑗 αβ

2Δ𝑥

𝑖

𝑗

0

1

β = 0

𝑙β𝑗 𝑟β𝑗
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Simulation Results
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Surfing
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Spike
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Buckyballs
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Induced Attraction
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Conclusion
• Summary

• A hybrid Lagrangian-Eulerian framework 

for magnetic simulation

• Modeling nonlinear magnetization for continuums

• An efficient Newton-based algorithm 

• Limitation
• Lack of surface tension

• Performance

• Future work
• Incorporate surface tension into the framework

• Performance improvement
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Thanks!
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