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大纲

• 光滑粒子动力学（SPH）基础

• 粘性不可压缩流体模拟
• 近邻粒子搜索（Neighborhood Query）

• 不可压缩性建模（Incompressibility）

• 粘性建模（Viscosity）

• 边界处理（Boundary Handling）

• 表面张力（Surface Tension）

• 场景演示
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光滑粒子动力学（SPH）基础

• 如何表示一个连续的物理场？(FEM/SPH/MPM)

𝑓(𝐱) 𝑓(𝐱𝑖)

𝑓, ∇𝑓, ∇2𝑓

𝑓𝑖 , ∇𝑖𝑓, ∇𝑖
2𝑓

𝐱 𝐱𝑖
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光滑粒子动力学（SPH）基础

• SPH基本思想
• 计算域用离散粒子表示，且粒子间不存在固定连接关系
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光滑粒子动力学（SPH）基础

• SPH基本思想

• 核函数近似（Kernel approximation）

• 紧致支撑（Compact support）

• 归一化条件（Normalization condition）

𝑊 𝐱𝑖 − 𝐱𝑗 = 0,𝑤ℎ𝑒𝑛 𝐱𝑖 − 𝐱𝑗 > 𝑘ℎ

𝑓 𝐱𝑖 =෍
𝑗
𝑓 𝐱𝑗 𝑊 𝐱𝑖 − 𝐱𝑗 𝑉𝑗

න𝑊 𝐱𝑖 − 𝐱𝑗 𝑑𝑉 = 1

𝑖

𝑗
𝑘ℎ

𝑊 𝐱𝑖 − 𝐱𝑗
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光滑粒子动力学（SPH）基础

• SPH基本形式

𝑖

𝑗

𝑓 𝐱𝑖 = න

𝛺

𝑓 𝐱𝑗 𝛿 𝐱𝑖 − 𝐱𝑗 𝑑𝑉

𝑘ℎ

𝑊 𝐱𝑖 − 𝐱𝑗

≈ න

𝛺

𝑓 𝐱𝑗 𝑊 𝐱𝑖 − 𝐱𝑗 𝑑𝑉

≈෍
𝑗
𝑓 𝐱𝑗 𝑊 𝐱𝑖 − 𝐱𝑗 𝑉𝑗

=෍
𝑗

𝑚𝑗

𝜌𝑗
𝑓 𝐱𝑗 𝑊 𝐱𝑖 − 𝐱𝑗
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光滑粒子动力学（SPH）基础

• SPH基本形式

𝑖

𝑗
𝑘ℎ

𝑊 𝐱𝑖 − 𝐱𝑗
∇𝑓 𝐱𝑖 ≈ න

𝛺

∇𝑓 𝐱𝑗 𝑊 𝐱𝑖 − 𝐱𝑗 𝑑𝑉

= න

𝛺

𝑓 𝐱𝑗 ∇𝑊 𝐱𝑖 − 𝐱𝑗 𝑑𝑉

+න

𝛺

∇ 𝑓 𝐱𝑗 𝑊 𝐱𝑖 − 𝐱𝑗 𝑑𝑉

=෍
𝑗

𝑚𝑗

𝜌𝑗
𝑓 𝐱𝑗 ∇𝑊 𝐱𝑖 − 𝐱𝑗 + න

𝜕𝛺

𝑓 𝐱𝑗 𝑊 𝐱𝑖 − 𝐱𝑗 𝑑𝐒 边界积分
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光滑粒子动力学（SPH）基础

• Grand Challenges
• Convergence, consistency and stability

• Boundary conditions

• Adaptivity

• Coupling to other models

• Applicability to industry

•

https://www.spheric-sph.org/grand-challenges
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粘性不可压缩流体模拟

• 什么是粘性不可压缩流体

Viscous Incompressible Fluid

Incompressibility Viscosity
不可压缩性 粘性



中国科学院软件研究所
Institute of Software, Chinese Academy of Sciences

粘性不可压缩流体模拟

• 流体的不可压缩性如何表示？

𝜌 = 常量
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粘性不可压缩流体模拟

• 雷诺输运定理（Reynolds Transport Theorem）

( )
( )

( )
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( )
( )
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• 雷诺输运定理

( )
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D
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粘性不可压缩流体模拟

• 粘性如何表示

𝑓𝑣 = 𝜇
𝜕𝑢

𝜕𝑦
𝐟 = 𝜇∇2𝐮
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粘性不可压缩流体模拟

Incompressibility

𝐷𝐮

𝐷𝑡
= −

1

𝜌
∇𝑝 +

𝜇

𝜌
∇2𝐮 +

1

𝜌
𝐠

∇ ∙ 𝐮 = 𝟎

Momentum Equation: 

Incompressibility Viscosity 𝐮 = 𝐮𝑜𝑙𝑑 − 𝜇
𝛿𝑡

𝜌
∇2𝐮

∇ ∙ 𝐮 > 𝟎 ∇ ∙ 𝐮 < 𝟎 ∇ ∙ 𝐮 = 𝟎

Fluid

Viscosit

y

Fluid

∇𝐮 = 𝟎 ∇𝐮 ≠ 𝟎

static

不可压缩性 粘性：削弱速度梯度

(𝜇越大流体越黏越硬）

形变的快慢：∇𝐮∇ ∙ 𝐮密度变化的速率：

𝜌 = 𝜌0or
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粘性不可压缩流体模拟

• 算法流程

Gravity, Viscosity, 
Surface Tension

Incompressibility
Enforcement

Particle 
Advection

Neighborhood
Query

2d
= +

d
p g

t
 −  +

u
u
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• 空间哈希（Grid Hash）
• 分配Hash Grid,网格间距ℎ

• 统计每个Grid粒子数

• 创建索引

• 邻域搜索(3 × 3，3 × 3 × 3)

Index

Id

ℎ

src/Topology/Cuda/Topology/GridHash.cu
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• 基于Linear BVH实现步骤

• 构建每个粒子支撑域的AABB

• 构建Linear BVH（参见《刚体
动力学并行编程与实践》
Linear BVH实现）

• 潜在AABB碰撞对计算距离，保
留支撑域范围内粒子

2ℎ
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• 基于位置的方法（Position-based method）

• 求解目标

• 基于投影的方法（Projection-based method）

• 求解目标 ∇ ∙ 𝐮 = 𝟎

𝜌 = 𝜌0
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• 基于位置的方法（Position-based method）

𝜌 = 𝜌0

𝐶𝑖 𝒙 =
𝜌𝑖
𝜌0

− 1 = 0

𝜌𝑖 =෍
𝑗
𝑚𝑗𝑊𝑖𝑗

𝑖

𝑗

Miles Macklin, Matthias Muller.  Position Based Fluids, ACM TOG, 2013
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• 基于位置的方法（Position-based method）

𝐶𝑖 𝒙 + ∆𝒙 = 0

𝐶𝑖 𝒙 + ∆𝒙 ≈ 𝐶𝑖 𝒙 + ∇𝐶𝑖 𝒙 ∆𝒙

𝒙0
𝒙1

𝒙1

𝒙2

∆𝒙 = 𝜆∇𝐶𝑖 𝒙

𝐶𝑖 𝒙 + ∆𝒙 ≈ 𝐶𝑖 𝒙 + 𝜆 ∇𝐶𝑖 𝒙
2

𝜆𝑖 =
−𝐶𝑖 𝒙

∇𝐶𝑖 𝒙
2 + 𝜀
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• 基于投影的方法（Projection-based method）

∇ ∙ 𝐮 = 𝟎

∇ ∙ 𝐮∗ + ∆𝐮 = 𝟎

𝑖

𝑗

𝐷𝐮

𝐷𝑡
= −

1

𝜌
∇𝑝

∇ ∙ 𝐮∗ −
∆𝑡

𝜌
∇𝑝 = 𝟎

∇ ∙
1

𝜌
∇𝑝 =

∇ ∙ 𝐮∗

∆𝑡

压强泊松方程
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• 基于投影的方法（Projection-based method）

∇ ∙
1

𝜌
∇𝑝 =

∇ ∙ 𝐮∗

∆𝑡 𝑚𝑖𝑛ඵ
1

2
𝜌 𝐮∗ −

∆𝑡

𝜌
∇𝑝

2

𝑑𝑉

Standard PPE Variational Form

C. Batty, F. Bertails, and R. Bridson, “A fast variational framework for accurate solid-fluid coupling,” ACM Trans. Graph., 
vol. 26, no. 3, Jul. 2007

֞ 𝑝
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• 基于投影的方法（Projection-based method）

∇𝑝 =
𝑝𝑗 − 𝑝𝑖

𝑟𝑖𝑗
𝐧𝑖𝑗

Finite 

Difference

𝑚𝑖𝑛෍

𝑗

1

2
𝑚𝑖 𝐮∗ −

∆𝑡

𝜌

𝑝𝑗 − 𝑝𝑖

𝑟𝑖𝑗
𝐧𝑖𝑗

2

𝑝

Xiaowei He, Huamin Wang, Hongan Wang, Guoping Wang, Enhua Wu.  A Variational Staggered Particle Framework for 

Incompressible Free-Surface Flows, [arXiv:2001.09421], 2020

https://arxiv.org/pdf/2001.09421.pdf
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• 基于投影的方法（Projection-based method）

෍

𝑗

1

𝜌0

1

𝛼𝑖
+
1

𝛼𝑗

𝑝𝑖 − 𝑝𝑗

𝑟𝑖𝑗
2 𝜔𝑖𝑗

=
1

∆𝑡
෍

𝑗

1

𝛼𝑖
+
1

𝛼𝑗

𝐮𝑖
∗ − 𝐮𝑖

∗

2
𝜔𝑖𝑗



中国科学院软件研究所
Institute of Software, Chinese Academy of Sciences



中国科学院软件研究所
Institute of Software, Chinese Academy of Sciences

粘性（Viscosity）
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• 离散化问题

𝜖𝑉𝑗 𝐮𝑗 − 𝐮𝑖 𝑊𝑖𝑗 2(𝑑 + 2)𝑉𝑗
𝐮𝑗 − 𝐮𝑖 ∙ 𝐱𝑗 − 𝐱𝑖

𝐱𝑗 − 𝐱𝑖
2
+ 𝜂2

∇𝑖𝑊𝑖𝑗

[Schechter and Bridson 2012] [Liu et al. 2021]

𝐮𝑗 𝐮𝑗
𝐮𝑖 = 0

𝐮𝑖 = 0



中国科学院软件研究所
Institute of Software, Chinese Academy of Sciences粘性（Viscosity）

• 求解器冲突问题

𝐷𝐮

𝐷𝑡
= −

1

𝜌
∇𝑝 +

𝜇

𝜌
∇2𝐮 +

𝐠

𝜌

求解顺序会对仿真
结果产生巨大影响
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• 基于SIMPLE迭代的粘性不可压缩流体求解

Shusen Liu, Xiaowei He, Wencheng Wang, Enhua Wu. Adapted SIMPLE Algorithm for Incompressible SPH Fluids 
with a Broad Range Viscosity, TVCG, 2021
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• 边界粒子缺失（Particle deficiency）

𝑖

𝑗
𝑘ℎ

𝑊 𝐱𝑖 − 𝐱𝑗

∇𝑓 𝐱𝑖 ≈ ෍
𝑗

𝑚𝑗

𝜌𝑗
𝑓 𝐱𝑗 ∇𝑊 𝐱𝑖 − 𝐱𝑗

+ න

𝜕𝛺

𝑓 𝐱𝑗 𝑊 𝐱𝑖 − 𝐱𝑗 𝑑𝐒

∇𝑓 𝐱𝑖 ≈ ෍
𝑗

𝑚𝑗

𝜌𝑗
𝑓 𝐱𝑗 ∇𝑊 𝐱𝑖 − 𝐱𝑗

？
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• Ghost Particles vs. Semi-Analytical

Christoph Gissler, Andreas Peer, Stefan Band, Jan Bender, and Matthias Teschner. 2019. Interlinked SPH Pressure Solvers for Strong Fluid-Rigid 

Coupling. ACM Trans. Graph. 38, 1, Article 5 (February 2019), 13 pages
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• Ghost Particles vs. Semi-Analytical

Yue Chang, Shusen Liu, Xiaowei He, Sheng Li, Guoping Wang，Semi-analytical Solid Boundary Conditions for Free 
Surface Flows， Computer Graphics Forum, 2020
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• 常规做法

h

𝑓𝑖 =෍

𝑗

𝑉𝑗𝑓𝑗𝑊𝑖𝑗

𝑖

𝑗 𝑓𝑖 =
1

𝛾𝑖
෍

𝑗

𝑉𝑗𝑓𝑗𝑊𝑖𝑗 , 𝛾𝑖 =෍

𝑗

𝑉𝑗𝑓𝑗𝑊𝑖𝑗
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• 常规做法

a

ah

h

b

equal 𝑓𝑖 =
1

𝛾𝑖
෍

𝑗

𝑉𝑗𝑓𝑗𝑊𝑖𝑗



中国科学院软件研究所
Institute of Software, Chinese Academy of Sciences边界处理（Boundary Handling）

• Semi-Analytical Solid Boundary Condition

h

𝑓 𝐱 = න

𝒟

𝑓 𝐱′ 𝜔 𝐱 − 𝐱′, ℎ 𝑑𝐱′

= න
ℱ

𝑓 𝐱′ 𝜔 𝐱 − 𝐱′, ℎ 𝑑𝐱′

= 𝑓ℱ 𝐱

𝑓ℱ 𝐱

+ 𝑓ℬ 𝐱

+න
ℬ

𝑓 𝐱′ 𝜔 𝐱 − 𝐱′, ℎ 𝑑𝐱′

𝑓ℬ 𝐱
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• Semi-Analytical Solid Boundary Condition

𝑓ℬ 𝐱

= න
ℬ

𝑔 𝐱, 𝐱′ 𝑑𝑉

= ඲

𝛺

න
𝑟 𝜃,𝜑

ℎ

𝑔 𝑟 𝑟2𝑑𝑟 sin𝜃𝑑𝜃𝑑𝜑

= න
𝛺

ቚ𝐺 𝑟
𝑟 𝜃,𝜑

ℎ
𝑑𝛺

注：𝑔 𝐱, 𝐱′ ≡ 𝑓 𝐱′ 𝜔 𝐱′ − 𝐱

h

𝑓ℱ 𝐱

𝑓ℬ 𝐱

= න
ℬ

𝑓 𝐱′ 𝜔 𝐱 − 𝐱′, ℎ 𝑑𝐱′
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• Semi-Analytical Solid Boundary Condition

𝑓𝑖𝑠
ℬ = ቚ𝐺 𝑟

𝑟 𝐱𝑠−𝐱𝑖

ℎ
𝛺𝑠

𝛺𝑠 =
𝐧𝑠 ⋅ 𝐝𝐧 𝐴𝑠

𝐴0
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• Semi-Analytical Solid Boundary Condition

src/Dynamics/Cuda/SemiAnalyticalScheme/IntersectionArea.h
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• 什么是表面张力
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• 表面张力定义

Sharp interface

𝒏

𝐹 = 𝜎𝜅𝒏

Normal

Curvature
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• 表面张力定义

哪里是表面？
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• 表面张力定义

𝒏

Diffuse interface

0.0

0.5

1.0

𝑊

𝑐

𝑥

ℰ = න
𝑉

𝜅

2
|𝛻𝑐|2 𝑑𝑉

Diffuse interface

Xiaowei He, Huamin Wang, Fengjun Zhang, Hongan Wang, Guoping Wang, Kun Zhou. Robust Simulation of Sparsely Sampled Thin Features in SPH-Based Free 
Surface Flows. ACM Transactions on Graphics (SIGGRAPH), 34(1):1-9, 20, 2014.
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• 漫射边界法

𝐅𝑖
s =

𝜅

2
෎

𝑗

𝑉𝑖𝑉𝑗
|𝛻𝑐𝑖|

2 + |𝛻𝑐𝑗|
2

2
𝛻𝑖𝑊𝑖𝑗

ℎ
𝒏

Diffuse interface

Xiaowei He, Huamin Wang, Fengjun Zhang, Hongan Wang, Guoping Wang, Kun Zhou. Robust Simulation of Sparsely Sampled Thin Features in SPH-Based Free 
Surface Flows. ACM Transactions on Graphics (SIGGRAPH), 34(1):1-9, 20, 2014.
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http://peridynamics.com/
http://web.cse.ohio-state.edu/~wang.3602/index.html
http://www.graphics.pku.edu.cn/members/wgp/index.htm#EN_intro
http://www.kunzhou.net/
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• Semi-Analytical Surface Tension Model

2 2

2 2

f
s

s
fc dV c dV

 
=  +  ‖ ‖ ‖ ‖𝑐𝑓

𝑐𝑠

ℎ

Nurshat Menglik, Hebin Yao, Yi Zheng, Jian Shi, Ying Qiao, Xiaowei He. Semi-Analytical Surface Tension Model 

for Free Surface Flows. IEEE Conference on Virtual Reality + 3D User Interafces (IEEE VR), Poster, 2022.
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表面张力

• Semi-Analytical Surface Tension Model
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表面张力
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实时演示

• SPH仿真案例

examples\Cuda\SemiAnalytical\Semi_Bar examples\Cuda\SemiAnalytical\Semi_Barricade
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