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IGA-meshing

@ |IGA is a spline-version of FEA
@ Mesh generation in FEA

@ CAD models usually define only the boundary of a solid, but the appli-
cation of isogeometric analysis requires a volumetric representation

@ As itis pointed by Cotrell et al., the most significant challenge facing
iIsogeometric analysis is developing three- dimensional spline
parameterizations from boundary information
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E. Catmull and J. Clark, Recursively Generated B-spline Surfaces On
Arbitrary Topological Meshes, CAD, 1978




Limit point formula of CCSS

Given an original mesh M°®, M is the mesh derived by subdividing with
one C-C subdivision step. For \/,-0, assume that its corresponding vertex at
M1 is V1, and the new edge point and face point around V! are

El,E;,--- E} and F}, F3, -+, F; respectively.
Halstead et al. showed that the explicit limit point formula of CCSS is :
4 n n )
PVE+4Y El+ Y F}
V> — J=1 J=1
: n(n—+5
" ( ) J




Catmull-Clark Subdivision Volumes

MacCracken, R. and Joy, K. Free-form deformations of solid primitives
with constraints. Siggraph 1996.

Bajaj, C., Schaefer, S., Warren, J., and Xu, G. A subdivision scheme for
hexahedral meshes. The Visual Computer, 2002.




Catmull-Clark Subdivision Volumes

@ Cell point C: Insert a cell point for each hexahedral cell, which is the
average of all the points contained in this cell. ) ]
@ Face point Fpen: Insert a face point for each face, which is derived A
from the following formula ) i

G+ G+2A
4

where C; and G, are the cell points of two adjacent cells of this face,
and A is the centroid of this face.

@ Edge point Epey: Insert an edge point for each edge, which is derived N\ @
from the following formula | )

Fnew:

Covg +2F5g + M

4
where C,,4 is the average of the cell points of all the incident cells of
this edge, F,q is the average of the centroids of all the incident faces
of this edge, and M is the midpoint of the edge.

Enew —

{0 0




Catmull-Clark Subdivision Volumes

@ For each hexahedral cell, connect the cell points with all the face
points and connect all the face points with all incident edge points in
this cell respectively. Then a hexahedral cell is divided into 8
hexahedral cells.

@ Vertex Vjen: update each original vertex according to the following

formula
Cavg + 3Favg + 3Eavg + Vold

8

where C,yg,Favg,Eavg are the averages of the cell, face and edge
points of all the adjacent cells, faces and edges, and V4 is the
original vertex.

Vnew —



How about the explicit limit point formula of Catmull-Clark subdivision
volumes 7

C. Altenhofen et al. Direct Limit Volumes: Constant-Time Limit
Evaluation for Catmull-Clark Solids. Pacific Graphics 2018, short paper.
(without explicit limit point formula)



Number of faces and cells around extraordinary points

@ E: number of faces around extraordinary point with valence n
@ F: number of cells around extraordinary point with valence n

@ Euler formula
F—E+n=2 (1)
3F =2E (2)

.[E: 3(n-2), Fzz(n-z)]




Limit point formula of Catmull-Clark subdivision volumes

a 3(n— 2) 2(n=2) )
16(n — 2)vi +4ije +4 > f 14 Z c
o0 __ J=1 J 1
v® =
30("—2)+4Z m;j
- = |
in which n is the valence of v/, v}, el,.-- el fl,--.  f3n2)s C1s " 5 Co(n_2)

are the adjacent edge points, face points and cell points of v' after
performing Catmull-Clark subdivision once, m; is the number of the
adjacent faces of e;-.




Application of limit point formula

B Proof

4 n 3(n—2) 2(n—2)
N 16(n 2} +4 3 mief +4 % f 4 3 o
» Subdivision matrix  |[v>® = j= = j=
30(”—2)+4ij
\_ =1 )

B Applications
» Spline volume approximation of Catmull-Clark subdivision volume

» Spline volume interpolation of hex-mesh




C-C{x4HsrHIBézier 1EiL

Problem statement

For each cell of a given hexahedral mesh H, construct a control lattice
such that the corresponding Bézier volume is an approximation of C-C

subdivision volume generated from H.
v




Mask for the regular part

interior point edge point face point corner point
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Mask for the irregular part

@ According to the limit point formula of CCSV, the mask for interior
point can be derived as shown in the picture, in which m is the
valence of an adjacent edge of the point.

@ For regular case, n=6, m=4.

U
2 1/(;1_1\4 7 —1 4— i // 1
PN /} A\ AN =14 i S
4 /1 4“;\§4m\ /1 \/\1 14
i | a 4
\§~ 2 ) .;\ // 4 8 \g\%. 2 b 4m ..... 4 ....... Ao .
F~4" Amtd 16 /i
5 L R 2 e, i \ 17 P 14
Z 2° 8 : i 4
. L B T 1| i
) \ “8m2) |/ \16 - ]
: e SE— s
8 —_— 4/ 2 ~__ — \ /4m —
8
(C) ! ~— 4 :
@) (b)
(d)

Fig. 5. Generalized masks for interior, edge, face and corner points.










Interpolatory Catmull-Clark Volumetric Subdivision
over Unstructured Hexahedral Meshes for Modeling
and Simulation Applications

Jin Xie?, Jinlan Xu?, Zhenyu Dong?, Gang Xu®*, Chongyang DengP,
Bernard Mourrain¢, Yongjie Jessica Zhang¢

Problem statement

Given a hex-mesh M? as input, we would like to construct a Catmull-Clark
subdivision volume to interpolate the vertices of MP.




Part I: Interpolatory Catmull-Clark Volumetric Subdivision with Push-back Operation

C-C: Catmull-Clark Volumetric Subdivision Operation;

P B: Push-back Operation.
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with push-back operation



Part I: Interpolatory Catmull-Clark Volumetric Subdivision with Push-back Operation

Push-back Operation:

ﬁteplz

Step2:

Step3:

Step4:

0
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Part I: Interpolatory Catmull-Clark Volumetric Subdivision with Push-back Operation

Volumetric Geometry Interpolation:

new control lattices

original mesh subdivision result interior view of the result

constructed by the
push-back operation



Part I: Interpolatory Catmull-Clark Volumetric Subdivision with Push-back Operation

Different Shapes due to Different Parameters:

subdivision result with subdivision result with subdivision result with
orlglnal mesh 4ij =0.05, ur =0.05 and yc =0.05 %ij=0.25, ur =0.125 and yc =0.0625  1jj =0.25, ur =0.25 and yc =0.25



Part II: Progressive interpolation using Catmull-Clark volume subdivision

Iteration of PIA:

PIA

several
Cc-C

several
—_—

GG

/

Process of Catmull-Clark
volumetric subdivision

Process of interpolatory
volumetric subdivision
with PIA

C-C: Catmull-Clark Volumetric
Subdivision Operation;

PIA : Progressive-Iterative Approximation.




Part II: Progressive interpolation using Catmull-Clark volume subdivision

Progressive—Iterative Approximation:

Stepl 0 _ 16(11—2)V +4Z] lm]e +4Z (n= 2)f1+22(n 2) \
epi: V: J
o 30— 2) +4%)_; m;

Step2:  d¥=v0 — vk

Step3:  If d¥ < g, end; else continue.

\Step4: [ vkl — yk o gk ] Goto Stepl. /




Part II: Progressive interpolation using Catmull-Clark volume subdivision

Volumetric Geometry Interpolation:

Catmull-Clark Volumetric Subdivision PIA method




Part II: Progressive interpolation using Catmull-Clark volume subdivision

Volumetric Material Interpolation:

o

original mesh Catmull-Clark Volumetric Subdivision PIA method

¥




Part III: Comparisons and Application

Comparisons of different interpolatory subdivision schemes

butterfly method Push-Back method PIA method



Problem statement

Given a hex-mesh M° as input, construct a set of Bézier volumes to
interpolate the vertices of M® with continuity constraints.
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[1] F, Livesu M, Puppo E, et al. Extraction of the Quad Layout of a Triangle Mesh Guided by Its Curve Skeleton[J]. ACM Transactions On Graphics (TOG). 2015,
35(1): 1-13.
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[2] Xu K, Gao X, Chen G. Hexahedral mesh quality improvement via edge-angle optimization[J]. Computers & Graphics. 2018, 70: 17-27.




R RALRT ARG

;i Vertices Hexahedron MSJ ASJ Vertices  Hexahedron MSJ ASJ

BT 38 880 31744 0.053 0.903 52 448 45312 0.263 0.911
O 36 801 29696 0.053 0.833 50 243 43136 0.224 0.847
Ri&E 21465 16 896 0.070 0.831 30 043 25472 0.261 0.859
[z ] 98 073 86 528 0.070 0.979 120 987 109 440 0.360 0.978
ygul 98 073 86 528 0.070 0.984 120 987 109 440 0.225 0.981
fib A 13 689 10 752 0.070 0.867 19195 16 256 0.301 0.897
L3 38 097 30720 0.031 0.857 52 051 44672 0.209 0.870
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[3] Xie J, XuJ, Dong Z, et al. Interpolatory Catmull-Clark volumetric subdivision over unstructured hexahedral meshes for modeling and simulation applications[J].
Computer Aided Geometric Design. 2020, 80: 101867.
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boundary condition for linear
elasticity simulation

linear elasticity simulation by IGA

heat conduction simulation by IGA
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HRIMEEEIEAR ( Topology optimization )
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ginimize:c(p) = %UTK(p)U\ (6a)
st K(pU = F (6b)

N
d piVi <V (6¢)

i=1

\ Pi = Pmin O 1 / (6d)

where U is the global displacement vector. V; is the volume of an
individual block and V* is the target volume. The binary design variable p;
denotes the density of ith element. To avoid singularities of the global
stiffness matrix K, pmin is set to be 0.0001 .




RYETHE

The derivatives of the total strain energy ¢ with respect to the design
variable p; can be computed as

[ (‘(;02 B _g(Pe)p_IUZ(Ke)OUe} (7)

Then the sensitivity of density element e can be computed as

. oc
e = e

A large value of sensitivity indicates that the the current element has a
high impact on the change of the strain energy.
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© Input a ACC subdivision volume model M and set the density p of
each cell to 1.

Define the BESO parameter such as objective volume V*,
evolutionary ratio ER and penalty exponent p.

Perform isogeometric analysis, i.e. construct the stiffness matrix K
and the right end term f.

Calculate the displacement v , and perform sensitivity analysis for
next level subdivision solid.

© 06 o0 ©

Determine the volume V; to be retained by ER for the current

iteration
Vi = V;_1(1 - ER)

@ Sort all the elements by sensitivity from small to large, and the
density of elements to be removed is set to be pmin -

@ Repeat 4-7 until the objective volume is achieved i.e. V; = V*.
Then delete the element whose p = pmin.



(a) Input mesh (b) Approximation Catmul-Clark
subdivision solids of (a) (c) Stress condition

'1000

tm

(d) Numerical Solution




Volume fraction: 53.6% Volume fraction: 63.6% Volume fraction: 79.4%
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Volume fraction : 33.3% volume fraction: 53.6% volume fraction: 75.7%
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Advantages of the proposed framework

e Seamless data integration of geometric modeling, physical simulation and shape/topology
optimization, which is currently a bottleneck problem in generative design;

o Efficient simulation/optimization framework due to IGA properties;

o Re-mesh-generation is avoided during the shape/topology optimization;

¢ The final shape/topology optimization results have a spline representation, which can be
imported to CAD applications directly;

e Subdivision representation naturally has a multi-resolution scheme, by which computational

efficiency can be significantly improved for high-resolution design optimization.
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