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RMESHEREAIV

o AMAFEEREHBPT—EEANBESR. MM ITIENERVIENRNSLE. ERZEBEHPR. SRR EMES
HKIBM IS 7.

o AMBEREESINENBRTHRERANRGRE, Ao=0 (ANENHARR) ;

o HEEES|HIGE, BAO=F (fAS|IJHZNEESH) .

o RERERISHIG, YRGS .

o RARBERBIERIUEKRE, WATISBEER, HEIREKR.

seamless cloning


https://baike.baidu.hk/item/%E9%9D%9C%E9%9B%BB%E5%AD%B8/10485691
https://baike.baidu.hk/item/%E7%90%86%E8%AB%96%E7%89%A9%E7%90%86/2490260
https://baike.baidu.hk/item/%E5%81%8F%E5%BE%AE%E5%88%86%E6%96%B9%E7%A8%8B/818038
https://baike.baidu.hk/item/%E6%B3%8A%E6%9D%BE/2279445
https://baike.baidu.hk/item/%E5%BC%95%E5%8A%9B%E5%A0%B4/2250565
https://baike.baidu.hk/item/%E7%A3%81%E5%A0%B4
https://baike.baidu.hk/item/%E7%86%B1%E5%A0%B4/3748499
https://baike.baidu.hk/item/%E5%88%86%E9%9B%A2%E8%AE%8A%E9%87%8F%E6%B3%95/4316136
https://baike.baidu.hk/item/%E7%89%B9%E5%BE%B5%E7%B7%9A%E6%B3%95/2366787

RMESHEREAIV

o FE—TENURBSJLEEE X EH EMRM D TE--RMESTHE, ZAENBEELR
KE—Pu:02- RAEHBE :
—V(KVu)=f inQ
u=g onl)y

Kou

o = h onTy
Kou
Fre —pB(u—ug) onlpg
Hep
usBEH w 0> R K#ESEK: 2 R (K >0) f: RESFERHS Q- R
g: EEREZHg: I'p > R h: BEHEELTy > R Ug : BN RANRNEEURR - R
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RMESHERNSEHI

o YA ABRRHE—MEMEI ~u .. AEXBEEIANRESTHTE, RNFEEXHAHARLK

1. F—ARHEHARMBANR, N\—Fin, ERGRFEREREIANBNEELR. EXREBNES
FEIT :
®: {u:2- R, uEHl([))ﬂu|FD =g}

H'(@®@):{u: 2> RBu ou a—uELZ(.Q)}
S "ax’ dy

L*(2): {u] juz dR < +oo}
2

gEY, REBERTEATRSLNELTREYR, ARHREEZUET



RMESHERSEHIU

2EHRBERMARLL. MARBNESSOFEFRM, A=RBEX :
Y {w:2-> RweH () B |, =0}
REBEATEMLRNKRMUNKEZ. RFRE :

![ (— wV(KVu)) dﬂzlwfd.ﬂ

WEBEDHITHEHRD, HRE :

' ' "~ Kou
J (— wV(KVu)) df = jKVqud.Q—ijdF
Q Q

EEFEHT,UTyUT=T =00 B3 TR :

I

Kou Kou Kou Kou
w—dl'= | w—dl'+ | w——dlI'+ | w——dr
on an an
T r Ty

D Ir



MESHIERIsEHIL

o ER=MBFHFM:

é,wlFD — 0! ﬁ-
Kou
w—dl'=0
on
Ip
Y =h, B
" Kou
w—dI' = fwhd[‘
on
I'n
= _Blu—ug), B
"~ Kdu :
wﬁdI‘ = — f—ﬂw(u—uR) dr
I'p I'p
HFLERAFRATGE :

fKVqud.Q+ Jﬁwud[‘z wad.(2+ jwhdF+ JﬁqudF



RMESHERNSEHI

RBEZAHSH, TULEHMESAENSBSERNT -
HEued, FHHRE :
a(w,u) = L(w) VweY
Hrh

alw,u) = jKVqu dQ + fﬁwu dr
0 IR

Llw) = fwfd.(2+ jwhd[‘+ fﬁqudI‘
0 [y IR
FHa(w, w)iEHE
a(w,u) = a(u, )
alw,u) > 0VweYHw # 0
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Galerkin’s 5%

o FEEME : WIEHFRAUTM, FoPRAER)A L 17 PR o)A

EEEXHAT :
®: {u: 2> R, ue H'(2) Hu|;, = g}
Y: {w:2- RweH (2) Hw|, =0}

E%Rﬁﬁ*}?q: ’ ’I‘@iﬁﬁl‘ﬁ?&i&ﬁy El]ﬁli H
P c P
Yhrcy

WENX O™ F1 Y'ZENURBSZS 8] :

Y'  {wheY o"(x) = ) Ni(x)c;}
2

o" : {ule @, u(x) = ) N;(x)d;}
2



Galerkin’s F53i%

o Galerkin’sAEMFKEWNT -

I ur=v"+g" vieY D :

a( " v") = L( 0") — a( @™, g")

ZEEINURBSER U EZESERIBLL, BEDFATRIVPFESTHREY, EFRX—RENFBAT, REFE
_/I\gﬁneq <n, ﬁE .
Nilr, =0 Vi=1,..,n,

Bl S E -
Neg
Y (0" 0= ) N;(x)c;}
2
#—%, TEFEG" F15 91=" = gn,, = O:

n

gh(x) = Z N;(x)g;

[=Neq+1



Galerkin’s 5%

¥BEREXRERAER u =v" + g 853 :

h(x)—zN(x)d —ZN(x)d + z N, (x)g; = V" + g"

[=Neg+1

BERBAF :

a(Z: N;c;, ZN d> (ZN Cl> a(; Nici, g")

HE—H T UAFE -

Neg Neg
c; Za(N i)d; —L(N;) +a(N; g") | =0
-1 \Jj=1

Xﬁﬂjci ) i — 1; ---;neq iEE i%ﬁﬁ1& .



Galerkin’s 5%

HLHMTEX :
Ki = a(Ny,N;)
F; =L(Ny) —a(N; g")
K = [K;j]
F = [F;]
d = [d;]
BT HARITAEESEHERITOITHAIHL LRIE, R
K : W EXE %
d: fifERE
F: IRE
d=K1F
BINELEI T RESHNEEEBULME
Negq n
u(x) = ) N;(x)d; N;(x)g;
@) Z ) +i=;+1 9

Hi: d,2FERFHMB, Mg, NRBFxEDFTHOERE
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RRUER RS I=

o IRE, ATHITNURBSERBEIB=ESER/IMMHR, WREHEEKZE— AR, B TK;ERERAR, T
PUE BN ENRD BRI BT S, RRFAX—FERRDAENKBERRGENTEER,
i — N RTNI K

(K®] . = j KVNE VNSdQe + j BNE NEdre
ne FrRNONE

BRXARES

[Fela = j NS £d° + f N¢ hdT® + j BNE ugdre
oe [yNaNe rRNaQe
FERIENSAEHERER
K B#%AK; + Kg
F; B#AF; + f§
Hrtha, b=1,..,ny,
i = IEN(a,e),j = IEN(b, e)



FECIEPE RS

ERAEHFH—IHBISMNE : BREN, N, EBFBDR LAEFT. AHT7LELBISH, SIAERBCRE

N 07 NilFDZO
BC(l)—{l’ i
FRBC(D) =1, WIHERHE :

Kii:1 Kl] :O,iij
F; =g

XN FEMERIAM : d; = g;
ﬁﬂ%ﬁgﬂﬁﬁﬁcpy %ﬁﬁu | ’ J! BC(i) — O%ﬂ BC(’) — 1! Z;.E'%J?Kl] ’ ﬂﬁ%%ﬁg

F; — Kebg] EI'T{F
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o LRNIEMEMKMODREFNASEEFNEFEENT
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( s )—7/1%@)\&;&/._> sokEpe | | = [ ] &F]

(= FRIENFBCAERE Y

= | o ey e —
s iyt HEsTRIE
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|

Iy

(=)




4. 1EERTTNIEERNRE



taisER Rl EERMNRE

o 180° c nEIFEYIRIRPEEAI—NRTT , ERAERI ()™ 0° - 0, FEXLTHE :

FECTELREBE -
J = [6x/6€1 dx/0¢,
dy/0¢1 0y/0$;
FETTELXEPEFTHIR -
Jj = det(J)
BlfmiMNEEE :
n
BRIYIEE :
t
REFTIIR :

Jr = |]i‘|



taisER Rl EERMNRE

o IRIELAEYAILME RABIHINRS , BELTER
| KVNgINSa0® = | K ) (TNEx® ) (VNS () jal
0e 0

| suangare= | pGe@ING ONGa () jrd T

I'pNIe (x€)~1(Tgnre)

j N¢ fdn° = j Nex®(H)fx¢(§)jd
ne 0

j N¢ hdr¢ = j Nexe(§)hxe(§) jrd T
ynre (x&)~1(Tynre)
j BNS updr® = f B2 ®)INex® Byupx?(®) jrd

T'pNIe (x€)~1(Tgnre)



taisER Rl EERMNRE

o SHRTNIEEMNORERER , T :

e = JKVNeVNb dne + j BN NEAT® a,b =1, ...,
ne FRnFe
= f KV, NEV,NE jd + j BNENE jrd T

0 (x€)~1(TgNT®)

fg = JNC‘f fd° + j NS hdl® + f BN updl'® a=1,...,n,,
ne [ynre [rNI®
NEfjdQ + J N¢h jrd T + f BNEup jrd T

(x€)~1(TnNre) (x€)~L(T'rNIe)

|
U —

H:
j=dne/d0
jr - dFe/df‘



taisER Rl EERMNRE

e HEAEIKREWANINE : MEATERERFEMSE ? MEAHEHTHRS ?
AR - T EEREMSE ?
RIBZ A FFEAbEEEZRISBernsteinE %X R, MENURBSHEEHIIR T A&
.\ WeNe(x°(¢)) weceB(3
R€ (xe(f)) _ e(~ ) _ : ~( )
we(§) we(§)

Hr:
we 0
we = n

0 - we
AT HESH, TUERERRSEN : |
VNG = (J71) Vg
VeNg = (1) VeNy
OR® d(B¢(&)/we(§)) 1 0B¢(§) owe(é) Be(é)
= Wece — Wece _ _ 2
oz, " 08, W@ o 9n (o)
OR® 0R°0¢; OR°€ 0§,
dx 0§ Ox * 9¢&, Ox
OR® _OR°9%,  OR° 05,
dy - 5851 dy 052 dy

)




taisER Rl EERMNRE

A2 : A EOBTRS, ERASHRYE
Xt T R, o AR MBS S I =, R JE XS R A R EE AR X Rz % R &K FRME, BD

[ reoax ~ 3 wife)
a i=1

n;

| r@an=} Z wow f &, 8)

i=1 j=1

iR (M) BE (N) 8 (x) NE (wi)

1 1 0 2

2 3 +0.577 1

3 5 0, #0.775 0.889 (= 8/9), 0.556
(=5/9)

4 7 +0.340, +0.861 0.652,0.348

5 9 0, £0.538, £0.906 0.569,0.479,0.237
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initial () :

buildConn (,

assembleA() :
assembleb () :

—~

-k A\ LA L ILV L U J

chol. solve(b) :

chol (A) :

(4
-l
GameE




XE3---13153E0FA I=

Gamaz

SpMat PDF 2d: :assembleA() ]
SpMat A(basisNum, basisNum) :

A. setZerol) :

{ elementNum: e++)
= getAreale) ;

opint> allGaussPoints = getGaussPoints(e) :
il <= uDegree: ++il) {
0;: j1 <= vDegree; ++jl)
12 = 0; 12 <= uDegree; ++i2) 1
j2 = 0; j2 <= vDegree; ++32)
countl = jl * (vDegree + 1) + 1il:

count2 = j2 * (vDegree + 1) + 12;

= INC[ (IEN[countl]
INC[ (IEN[count2] [e]) ] [0] + INC[(IEN[count2] [e])
p = 0: p < allGaussPoints. size(): ++p) {
val = getIntegralA(il, jl, i2, j2, allGaussPoints[pl], e) * gauss.weights[p / 3] * gauss.weights[p % 3] * area;
A. coeffRef (row, col) = A. coeffRef(row, col) + val;

])1[0] + INC[(IEN[countl][e])

‘1] * uControl:
1 * uControl:

Le
LE




X83---18153EM%Fb

e < elementNum; ett)
area = getAreale) :
or{Point> allGaussPoints = getGaussPoints!
= vDegree: ++j) |
1 <= uDegree; ++i)
= j ¥ (vDegree + 1) + 1;
INC[ (IEN[count] [e]) ] [0] + INCL(IEN[count][el)][1] * uControl;
p < allGaussPoints. size(): +p) {
= b(index) + getlntegralB(i,

o
2

j, allGaussPoints|p), e) * gauss.weights|p / 3] * gauss.weights|p %




KB---ASEREERTINSTE (1) I=

PDF_2d: :getIntegralA

std: :vector<std: :vector< >> uDers (2, : :vector > (uDegree + 1)) ;
std: :vector< or< >> vDers (2, : :vector >(vDegree + 1)) ;

uSpan = surface.m Basis[0]. findSpan (gaussPoint[0]) ;
Point[1]

surface.m Basis[1]. findSpan (gaussF

vopan = ) ;
surface. m Basis[0]. getAl1NurbsBasisFunsDers (uSpan,

surface.m Basis[1]. getAl1NurbsBasisFunsDers (vSpan,

std: :vector<std: :vector¥ >> R, DRU, DRV;

R. resize(uDegree + 1, std::vector > (vDegree + 1)) ;
DRU. resize(uDegree + 1, or< >(vDegree + 1)) :
DRV. resize (uDegree + 1, > (vDegree + 1)) ;

sumR = 0, sumDRU

Il v 0
ct ct
(&N

O A

’

= 0; 1 < uDegree + 1; ++i)

j =0; j < vDegree + 1; ++j) {
R[i][j] = uDers[0][i] * vDers[0][j];
DRU[i][j] = uDers[1][i] * vDers[0][j];
DRV[il[j] = wDers[0][i] * vDers[1][j];
sumR += R[i][j];
sumDRU += DRU[i][j];
sumDRV += DRV[i][j];

1 =0; 1 < uDegree + 1; ++i)
for | J=0; j < vDegree + 1; ++3)
R[i1[5] .
DRU[i]I[j] = (s % J[il[;] 1] [j] * sumDRU) (pow (sumR,
DRV[il[j] = (s % 7[1] 5] 1] [j] * sumDRV) pow (sumR,




K8---ASEEERTINSITE (2) I=

(0,0,0,0 }-

- 1 < uDegree + 1; ++1)
- J < vDegree + 1; ++3)
= INC[ (IEN[count] [elementNum]) ] [0] ntNum]) ] [1] * uControl;
= DRU[i][j] * controlPoints|i 1|1
= DRU[i][j] * controlPoints[
= DRV[i][j] * controlPoints[i
+= DRV[il[j] * controlPoints[
count++;

Bigen: :MatrixXd DF (2, 2):
DF[0][1], DFI

DF_ << DF[0][0],
DF_ = DF . inverse(). transpose() :

Eigen: :MatrixXd gradRl (2,

Eigen: :MatrixXd gradR2(2,

gradRl <X J[uTestFunc] [vTestFunc], DRV[uTestFunc] [vTe

gradR2 < J[uProbeFunc] [vProbeFunc], DRV[uProbeFunc] [vProbeFunc]:

Eigen: :MatrixXd val_ * gradR2). transposel() * (DF_ * * abs(DF[0][0] * DF[1][1] - DF[0][1] * DF[1][0]):
val = val_ (0,

return val;




XT8---biERFEATTIN S TE (1) I=

F 2d::getIntegralB

std: :vector<{std: :vector« . rs(2, std::vector > (uDegree + 1)

std: :vector<std: :vector« > vDers(2, std::vector > (vDegree + 1)
uSpan = surface.m Basis[0]. findSpan (gaussPoint '
vSpan = surface.m Basis[1]. findSpan(gaussPoint

surface. m_Basis[0]. getAl11NurbsBasisFunsDers (uSpan,

surface. m Basis[1]. getAl1NurbsBasisFunsDers (vSpan,

std: :vector<{std: :vector< 2 R DRU, DRV:

ctor > (vDegree + 1)

vDegree + L
vDegree + 1)) ;

n
-t
(=W

R. resize (uDegree + 1,
DRU. resize (uDegree + 1,
DRV. resize (uDegree + 1,

sumR = 0, sumDRU

Il »vn w0
o+ ot -
O A A

sumDRV =
= O: i < uDegree + 1; ++i)
= O: j < xDecree + 1; —*j'

R[i] —J— = uDelﬂ_O__i: * vDers[0] [j];

DRU[i][j] = uDers[1][i] * vDers[0][j];
DRV[il[j] = uDers O: ] * vDers[1][j];
sumR += R[i][j];

sumDRU += DRU[i][;];

sumDRV += DRV[i][j]

{ uDegree + 1; ++i)
{ vDegree + 1; ++j)
= (sumR * DRU[i][j] - R[i][j] * s
] = (sumR * DRV[i][j] - R[iI[j] *




X63---biEFEHETIRTITHE (2)

- 1 < uDegree + 1; ++1)
- J < vDegree + 1; ++j)

= INC[ (IEN[count] [elementNum
= DRU[i][j] * controlPoints[i
= DRULi][j] * controlPoints[
lindex] [0] ;

+= DRV[il[j] * controlPoints

[1][1] += DRV[il[j] * controlPoints
count++:

Point P:
surfacePoint (P, gaussPoint) :

lindex ]| [1]:

val = f(P[0], P[1]) * RluLocalBasisNum] [

return val:

1)1[0] + INCL(IEN[count][elementNum]

] % abs (DF[0][0] *

)

DF[1]

1]

[1]

* uControl:

- DF[0][1] * DF[1]

[0]);

(4
-l
GameE




3-8RI FB R FALIE

PDF 2d::exeBC()

1f (boundaryConditions.at(0) = 1)
for | i1 =0; 1 < uControl;
X = 1;
or (int j = 0; j < basi
A. coeffRef(x, j) =
A. coeffRef (3,

A. coeffRef(x, x) =
bix) = 0:

F (boundaryConditions. at |

F (boundaryConditions. at(2)

F (boundaryConditions. at(3)
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@ knot insertion: adding a new knot into the existing knot vector without
changing the shape of curve/surface/volume

Original curve with == {0,0.0.1.1.1}

0.8

0.6

04

Original basis functions

Refined curve with == {0.0.0.0.0.5.1.1.1}

0.8

0.6

0.4

05

New basis functions

0.5



@ order elevation: increase the order of B-spline basis function without
changing the shape of the curve/surface/volume

Original curve with == {0,0.0.1, 1.1} Refined curve with == {0.0,0,0.1. 1. 1.1}

I 1

0.8 0.8

0.6 0.6}

04 04}

02f 02
% 1 % 1

Original basis functions New basis functions

1

08}

06

04f

0.2
0




@ order elevation: increase the order of B-spline basis function without
changing the shape of the curve/surface/volume

Original curve with == {0,0.0.1, 1.1} Refined curve with == {0.0,0,0.1. 1. 1.1}

I 1

0.8 0.8

0.6 0.6}

04r 04}

02f 0.2
% 1 % 1

Original basis functions New basis functions

1

08

06

04f

0.2
0




Remark

@ p-h-k refinement: increase number of freedom (control points) to
achieve better analysis results without changing the geometry

@ Keep number of freedom as constant to obtain better results ?
@ One option: optimize the placement of inner control points

@ Parameterization of computational domain is changed while keeping
the boundary geometry



@ Model quality has some effect on analysis results

@ accuracy and efficiency
@ How to improve model quality for isogeometric analysis ?



Comput. Methods Appl. Mech. Engrg. 200 (2011) 2021-2031

Contents lists available at ScienceDirect

Comput. Methods Appl. Mech. Engrg.

journal homepage: www.elsevier.com/locate/cma

Parameterization of computational domain in isogeometric analysis: Methods
and comparison

Gang Xu®®*1 Bernard Mourrain®, Régis Duvigneau ¢, André Galligo ¢

2 College of Computer, Hangzhou Dianzi University, Hangzhou 310018, PR China
b Galaad, INRIA Sophia-Antipolis, 2004 Route des Lucioles, 06902 Cedex, France
©OPALE, INRIA Sophia-Antipolis, 2004 Route des Lucioles, 06902 Cedex, France
d University of Nice Sophia-Antipolis, 06108 Nice Cedex 02, France



Problem statei

r-refinement

given initial placement of control points of computational domain,reposition

the inner control points to achieve more accurate simulation results in
isogeometric analysis




Mainidea

@ Inspired from shape optimization

@ Shape optimization: optimize the boundary model to minimize the
error function (cost function) of simulation

Main idea

Let the inner control points, rather than boundary control points, be the
design variables for the shape optimization, and find the best placement of

inner control points to make the value of a cost function as small as
possible.




@ optimization variables: the coordinates of the inner control points

@ cost function: error of the IGA solution

@ optimization algorithm: steepest-descent method in conjunction with a
back-tracking line-search
@ Evaluation of perturbed points x; + eey
© Estimation of the gradient Vf(x;) by finite-difference
© Define search direction d;, = —=Vf(x;)
@ Line search : find p such as f(x; + pdy) < f(xx)



2
@ source term: f(x,y) = —4% sin(%)sin(%).
@ boundary condition : Up(x) = 0 and ®g(x) =0

o exact solution : U(x,y) = 2sin(%) sin(%).
@ computational domain : Q(x,y) = [0, 3] x [0, 3]

44



initial solution

1.84696
1.66226

1 1.20287
1.10818
0.92348
0738784
0.554088
0369392
0.184696
0

final solution

2.01434
1.81291

1 161147

1.41004
1.2086
1.00717
0.805737
0.604302
0.402868
0.201434
0

exact solution

18
16
14
12

0.8
0.6
0.4
0.2

45



2
@ source term : f(x,y) = —4% sin(?) sin(%).

@ boundary condition : To(x) = 0 and ®y(x) = 0
o exact solution : T(x,y) = 2sin(%5") sin(%).
@ computational domain : Q(x,y) = [0, 6] x [0, 3]

46



1.39517
111575
0.836326
0.556902
0.277478
-0.00194645
-0.281371
-0.560795
-0.840219
-1.11964
-1.39907

initial:

2.0082
1.60644
1.20468
0.802925
0.401167
-0.000590891
-0.402349
-0.804107
-1.20587
-1.60762
-2.00938

18
16
14
12

0.8
0.6
0.4
0.2

exact:

47



r-refinement with unknown solutions

@ model problem:

AU =f inQ
U = Uy on odQp

e U, is the IGA solution
@ error: e =U - Uy
@ residual function

R(w):ffwdQ+fVUthdQ
Q Q

=ZfKW—AUW>dK



lel> < C > g f (f - AUp)*dK (3)

KeQ K

Main idea for r-refinement
reposition inner control points to minimize ) xco hg fK(f — AU)?dK. J




82Uh N 02Uh

AU;, =
" 92 0%y

@ Solution field in isogeometric analysis

ni 1

Un(x,y) = Tu&m =) > NN o) Ty

i=1 j=1

Key point
How to compute AU},? J




@ Use the same mathematical representation for the computational
domain and solution field.

e Computational domain Q is parameterized by the following planar
B-spline surface:

ni

PE ) = &, yEM) = Y Y NHON @y,

=1 jel
@ Solution field over the computational domain Q has the following form,

ni 1

Unx&m,yEm) = TEm = > > NHON ) Ty,

i=1 j=1

Here T;; are the unknown variables in isogeometric analysis to be
solved.



From U,(x(&,m), y(&,m) = T (£,1), we have
o7 B oU,, Ox N oUy, dy

06 Ox 0& Ay O
o7 _ 8Uh ox 0Uh ay

on ox on " oy on

Then we can obtain
U, (6_T o7

h N
o Cae T e

ou, oT  OT
i Y |
By ( on ¢ b¢ *n)/

where J = xgy, — yexy.




T  8*Up 0x, 0U,&x 0*U

dy , 0Uj, 9%y
+ + + —— 9
02¢  0%x 0€ ox 0% 0%y ((95 ) dy 0% ®)

T 0*U, Ox , 0Uy *x  0*U, dy , 0Uy 3%y
= -+ + Sty (10)
0?n  0%x On Ox d0%n 9%y On dy 0%n

From (9)(10)

(92Uh ) oUy, oUj, ) oUy, oUj,

b — [yq((rff - Exff - 8_yy§§) _yg((rm] - Exm) - a_y)’nn)]/K (11)

ru, oU), oU,, ) oU,, oU,,

2y L (T om = — X = a—y%m) g e a—y%f)]/ K (12)
where K = (xé:y,,)2 — (x,,yg)2

oU,, oU,, oU,, oUy,
. T D 5. B

AUp = [(xg =y )Ty — Ix m~ ﬁ_yy”") — O =Yy ) (T g — T T a—yyfg)]/ K



© Solve IGA problem over given computational domain
@ Compute Y keq hx [ (f — AUp*dK
@ Reposition inner control points by minimizing Y.xeq ik [ (f — AUy)*dK

© Output final placement of inner control points



e =U - U,y
A posteriori error assessment by resolving IGA problem:

Ae = f — AU, in Q
e=0 on 0Qp

Error field e has a B-spline form

Perform h-refinement to achieve a good approximation
More accurate but much more expensive

Used for error assessment in r-refinement method

(13)



computational domain (CD) resolved error surface

exact error colormap (EC) resolved EC
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4
AU = —%sm(?)sm(?) in O 14

U=0 on 0Q2p
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0.603535
E1 0543182
0.482828
= 0422475
=1 0362121
4 0301768
+ 0.241414
0.181061
0.120707
0.0603535

0

L] ]
= __J/

Initial CD and EC: - ’ : ' )

Final CD and EC: ﬁ ‘m -

EXaCt methOd: l = '.. - ¢
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EC after r-refinement = =T val



initial EC EC after r-refinement = 3 aa
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Input: Initial parameterization of computational domain, initial control points Pif’j,

and convergence threshold ¢;

Step. 1: solve the governing PDE over the given parameterization by isogeometric analysis to obtain an initial solution;
Step. 2: compute the monitor function and relocate the interior control points by solving the Euler-Lagrange equation
using isogeometric collocation method;

Step. 3: solve the governing PDE over the new parameterization and update the monitor function;

Step. 4: terminate if the terminal condition, ||P,.’fj+1 — Pi" |l < €, continue otherwise;

Step. 5: repeat from Step.2

J

Output: the optimal parameterization of computational domain

Solve the IGA problem on the given parameterization

1 and compute the monitor function
V . ( V u ) —_— O Solve the Euler-Lagrange equation with
isogeometric collocation method to obtain
G( S 7’] ) new location of inner control points
b

Satisfy the Update the monitor function

terminal
condition

0 : P;P77 - 0 ( PSTP,7 ) — 0 STOP
£ "JG(&,n)" 3 JG(&, n) |
9 PP; 9 PP e —

( n ) + ( s ) —_ Update the isogeometric solution on

- 35 ]G(S ’ 7’]) a 7’] ]G(S y 77) ) the new computational domain

Fig. 1. The r-adaptive algorithm with Winslow’s mapping.
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The maximum and minimum principal curvatures at a point on the surface are denoted by x4, and «, respectively and
defined as

—B + /B2 — 4AC ’
k1 = 5A ’
—B — /B2 — 4AC

Ky = \v

2 A ’ (a) planar B-spline computational domain (b) solution surface with B-spline form
where g ™
A = EG — F? E
— ’
B = 2FM — GL — EN, ooo 000
_ _ 2 (c) absolute principal curvature colormap of solution  (d) top view of absolute curvature colormap
C T LN M ) surface
. . . . . Fig. 2. B-spline solution surface and the corresponding absolute principle curvature colormap.
We define the monitor function, G'(£, n), as the sum of absolute principal curvatures e peconepodne e pap ot ’

G'(&, 1) = k1| + |Kal,



(0,1) iL1)

(0,0) (1,0)

(a) computational domain

! 1.000

0.000

-1.000

(b) exact solution

0.25 —/(x — 0.5)2 +(y — 0.5)

T(x) = tanh(

0.03

)-
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1.11

0.114
0.04

0.557
-1.03 0.000

) initial parameterization and IGA solution (b) initial error

1.017 0.114

i s 0.557
1,011

0.000

(c) intermediate parameterization and IGA solution (d) intermediate error

0.114

0.000

(e) final parameterization and IGA solution (f) final error
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(a) initial patch structure  (b) intermediate patch (c) final patch structure



At |

(a) computational domain

(b) exact solution

Fig. 6. Description of Example II.

i 0.0248
0.02
R 0.015
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(a) initial (b) initial (c¢) initial solution (d) initial error colormap
parameterization patch-structure
- 0.15 0.0248
0.02
<401
- {0.015
0.05 + 40.01
0.005
2 0
(e) intermediate (f) intermediate  (g) intermediate solution  (h) intermediate error

parameterization patch structure colormap

0.15 0.0248
0.02
“Hoa
0.015
oot
“doos
0.005
o o

(i) final (j) final (k) final solution (1) final error colormap
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