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« Two-dimensional domain decomposition based on skeleton computation
for parameterization and i1sogeometric analysis » , Jinlan Xu, Falai Chen,
Jiansong Deng, CMAME, 2015.
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(a) Original skeleton. (b) Simplified skeleton with (c) Simplified skeleton with
A =0.01. A = 0.05.

Fig. 8. Skeleton of a hand shape.

Definition 3.1. For a given 2D domain D, the skeleton of D is defined by the point set
S(D) ={pID(p,B) = lp—qil = llp —qjll. 9 #4q;.49i.9; € B},

where B is the boundary of domain D. The skeleton is the locus of the centers of circles that are tangent to the
boundary curve B in two or more points, where all such circles are contained in D. The circles are called skeleton
circles.




Fig. 9. For the branch point P, two contact points P; and P; of the skeleton circle at point P with the boundary curves are chosen as segmentation
points.
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(a) Harmonic map. (b) Nonlinear optimization. (c) Our method.
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(a) Nonlinear optimization. (b) Our method.

(b) Nonlinear optimization. (c) Our method.
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(a) Nonlinear optimization. (b) Our method.
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(a) Nonlinear optimization. (b) Our method.




Planar domain with arbitrary topology (CMAME 2018)

« Given the boundary spline curves of a planar domain with
arbitrary topology, construct the patch structure and
control points to obtain IGA-suitable parameterization
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(a) boundary Bézier curves (e) parameterization result



Desired parameterization method
 Boundary-preserving
 Automatic continuity imposition
(= high-order meshing with C°)
e Automatic construction of segmentation cutrve
e Injective
o Uniform patch size

e Orthogonal iso-parametric structure




Proposed framework

1. Pre-processing for high-quality parameterization
2. Topology information generation of quadrilateral decomposition
3. Quadrilateral patch partition by global optimization

4. High-quality patch parameterization by local optimization

(e) parameterization result



Framework Overview
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(a) boundary Bézier curves (b) discrete boundary

1.000

0.627

0.2540

(d) segmentation curves (e) parameterization result (f) Jacobian colormap



Pre-processing of input boundary curves

 Bézier extraction

N(t) = CB(t)
P =CQ
» Bezier subdivision
I > log, Y3 = 1)1
8 Lgve
= dnax {|sik — 28i1 1k + 87 Vo—2s s




Pre-processing of input boundary curves

« Subdivision of a Bézier curve with concave shape

(a) original Bézier curve (b) Bézier subdivision



Proposed framework

1. Pre-processing for high-quality parameterization
2. Topology information generation of quadrilateral decomposition
3. Quadrilateral patch partition by global optimization

4. High-quality patch parameterization by local optimization



Global optimization method

- Propose a global optimization method to construct the four-
sided curved partition of the computational domain

Topology | |

eneration of Laplacian Construction of
; uadrilateral smoothing - segmentation
) method curves

decomposition




Topology generation of quadrilateral decomposition

« Step. 1: Construct the discrete boundary by connecting the
endpoints of the extracted Bézier curves.
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(a)input discrete boundary



Step. 2

« Multiply-connected region - simply-connected region.

M,

(a)multiply-connected domain (b) simply-connected domain




Step. 3

« Approximate convex decomposition of the simply-
connected regions

L

(b) quasi-convex polygon decomposition

J.M. Lien, N.M. Amato, Approximate convex decomposition of polygons,
Comput. Geom. 35 (1-2) (2016) 100-123




Step. 4

* For each quasi-convex polygon obtained in Step.3, generate
the quadrangulation topology information

 Only introduce irregular vertices with valence 3 or 5, which
guarantees the solution existence for G1 planar parameterization

around the itregular vertex

Reference:
K.Takayama,D.Panozzo,O.
Sorkine-Hornung Pattern-based
quadrangulation for N-sided
patches. CGF, 2015

(¢) quad-meshing result by our method with
147 elements and 14 irregular vertices



Laplacian smoothing

 We adapt an iterative Laplacian smoothing method to
improve the quality of the quad mesh.
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Termination rules:




Construction of segmentation curves

« The segmentation curves should interpolate two vertices
on the quad mesh Q(V,E).

* Global optimization method to construct the optimal shape
of segmentation curves.

Fig.5(a) segmentation curves(red) and quad edges( black)




Desired parameterization method
 Boundary-preserving
o Automatic continuity imposition
(#=high-order meshing with CY)
e Automatic construction of segmentation curve
e Injective
e Uniform patch size

e Orthogonal iso-parametric structure




Uniform patch size

Computing the area of planar region bounded by B-spline curves?




Computing the area of planar region with Bézier boundary

* For the planar region bounded by N pieces of Bézier curves

n

Sk(t) = (SE(t), SE(t)) = ) _(stk: s BI(1)

1=1
Then the area A(Q) of the planar region is

N 2n—1

1
(@)= > (f—dj

k=1 7=0
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k r) \j—r
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Global optimization method

aE
* QObijective functions:
1 L
_ E o 2
Funiform — E - (Az Aafue)

N 1
Fanape = 3 /0 o118, ()12 + o)l S, (0)|2dt
k=0

N p k k
T.” T, 21
Ftangen g — COS —)2
z::o; | T ||| T, +1|| P

F' = wi Fyniform + W2Fsha,pe + WSFtangent

argmin F
Si k




An example

(a) boundary Bézier curves

(e) quad meshing result II (f) segmentation curves II



Proposed framework

1. Pre-processing for high-quality parameterization
2. Topology information generation of quadrilateral decomposition
3. Quadrilateral patch partition by global optimization

4. High-quality patch parameterization by local optimization



High-quality patch parameterization

awr
Step 1: Construction of boundary second-layer control points with
orthogonality optimization;
Step 2: Local C1 linear-energy-minimizing method for constructing inner
control points;
Step 3: Find out the invalid patches on the parameterization, then

recover patch validity;




Step. 1: Construction of boundary control points

| " f Imposition of
mposition O G'-continuit
Initial mE)| C'-continuity g around they
construction at regular irregular
region vertices




Initial construction

» Firstly, we will describe the initial construction by orthogonality
optimization.

(Po,j — Pn,j)
n

P’

n—1,7

= Pn,; +

1
argmin/ (< rru(1,0), 71o(1,v) >)dv
0

P, _1

n
riu(l,v) =n Y BPw)AYP,
j=0

n—1

ro(Lo) =1 S BI T 0) A% By,
5=0




Imposition of C'-continuity by Lagrange Multiplier method

Minimize the change of related control points along the segmentation
curves such that they satisfy the Cl-constraints

f— P =qQF -,

J J J J

N n
MinY Y (|1P¥ - Pj|I* + 1@ - Q5%

k=1 7=0

the Lagrange function:

N n
L= (1P~ PP+ 1@ — Q1% + DD M2 — P} — @)

N n
=0 7=0 i=0 j=0

1




Imposition of G'-continuity around irregular vertex

« Some special treatments should be done achieve G'-continuity
at the irregular vertices.

.
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G'-continuity



Imposition of G1-Continuity (Mourrain et al, CAGD 2016)

« The G'-continuity constraints around the irregular vertex
can be described as follows:

(s — Poo) = as($™ — Poo) + Bi(si" — Poo),

0 =noy(Pj; — 84) + nBi(P7" — si) — (n— 1)(sh — s}) + (s] — Poo)

[or 0 .. 0 [ Py )
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High-quality patch parameterization

Step 1: Construction of boundary second-layer control points with
orthogonality optimization and continuity constraints.

Step 2: Local C1 linear-energy-minimizing method for constructing inner
control points.

Step 3: Find out the invalid patches on the parameterization, then

recover patch validity.



Local C' linear-energy-minimizing

Constructing interior (n—3)X(m-3) control points of each patch

E(r) = / Te(llrull® + lIrol®) + m2(llrwal® + 2l ruo | + 7o) dudv
Q




Inner control points construction

« Atensor product Bézier surface r(u,v) has minimal energy E(r) if and

only if remaining inner control points satisfy

0 = oty (B3 hetarn 35 Bot o)
4(n — k=0 1=0 l+y z'
e COC) ki
2n— 1)2 >0 2n 55\ o=z BniBnj A" P (29)
k=0 [=0 z+k 1) (l—i—j 1)
I D) (z_:zn: n ? ( ) Ak 'Az’OPkl‘I' - 77}2_:2 (k) (’fl 2) Al AO 2Pkl>
2n— 4 n n,? 2n 2n—4
(2n —3)(2n +1) k=0 1=0 7,+k,- 2) (l+j) k=0 1=0 (+k) (l+y 2)

* Alinear system with (n—3)X(n—-3) equations and (n—3)X(m-3) variables

MP =B .




High-quality patch parameterization

Step 1: Construction of boundary second-layer control points with
orthogonality optimization and continuity constraints.

Step 2: Local C1 linear-energy-minimizing method for constructing inner
control points.

Step 3: Find out the invalid patches on the parameterization, then

recover patch validity.



Step 3: Injective parameterization

% g
J b 2n—1 2n—1
acoplan J(u, ’U) _ y: S: aijBZZn—l(u)BJZn—l(,U)
i=0 =0

min o < J(u,v) <  max oy
0<i,j<2n—1 0<i,j<2n—1

{oq?ﬁ?nl%'j >0 }—b Valid patch

* Logarithmic-barrier method for invalid patch

min  E(r(u,v)) st. oy >0

2n—1 2n—1

argmin  FE(r — Z Z In(c;)

P; i=0 =0




Example |

(c) quad meshing result

(b) discrete boundary

(a) boundary Bézier curves
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(d) segmentation curves
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0.148

(g) extracted skeleton [42] (h) skeleton-based (i) Jacobian colormap of (h)
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(a) boundary Bézier curves (b) discrete boundary (¢) quad meshing result

1.000

0.638

0.276

(d) segmentation curves

1.000

0.504

0.075

(g) extracted skeleton [42] (h) skeleton-based (i) Jacobian colormap of (h)

parameterization [42]
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(a) boundary Bézier curves (b) discrete boundary

1.000

0.647

0.294

(f) Jacobian colormap

(d) segmentation curves (e) parameterization result



Example IlI with the skeleton-based decomposition

(h) skeleton-based domain partition[42]

1.000

0.567

0.134

(i) skeleton-based parameterization [42] (j) Jacobian colormap of (i)

Fig. 11. Example V.




Quality comparison

Table 2: Quantitative data for planar parameterization in Fig. 9, Fig. 10 and Fig. 11. p: degree of planar
parameterization; # SD: number of subdomains by domain decomposition;# Patch: number of Bézier patches; #

Con.: number of control points.

Example Method » #SD #Patch 4 Con. Scaled Jacobian Conditional number
Average Min Average Max
. Our method | 6 39 39 1467 0.8843  0.292 2.76 8.06
e Y et al.[42] | 6 5 35 1309 | 0.5172  0.148 5.36 16.31
. Our method | 5 66 66 1768 0.9194 0.276 2.42 10.18
Fg 10 Xu et al.[42] | 5 8 56 1507 0.7801  0.075 4.35 18.23
_ Our method | 5 155 155 3720 0.9017 0.294 2.57 7.86
e 1 Xuetal[42] | 5 12 132 3282 0.7894 0.134 4.23 15.64




Parameters and computing time

Example Fihape 1In (14) F in (16) E(7) in (28) 4T, 4T 4T
01 09 W W9 w3 1 72
Fig. 1 |20 1.0 20 1.0 50.0 2.0 1.5 73.22 177.86 251.08
Fig. 8(c) | 1.0 1.0 1.0 1.0 50.0 1.0 1.5 22.68 26.64 49.32
Fig. 8(g) | 1.0 1.0 1.0 1.0 50.0 1.0 1.5 2296 27.18 50.14
Fig. 8(k) | 1.0 1.0 1.0 1.0 50.0 1.0 1.5 27.68 36.32  63.90
Fig. 9 | 1.0 2.0 1.0 2.0 50.0 1.0 2.0 32.74 53.84  86.58
Fig. 10 | 2.0 1.0 1.0 2.0 50.0 2.0 1.0 41.02 61.36 102.38
Fig. 11 | 2.0 1.0 2.0 2.0 50.0 2.0 1.0 75.70  209.68 285.38




R 5| 369 R RS

EF R EICHERXNSHNSE

The Research on Parameterization Method of Complex Domain Based on Frame Field
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Polycube Structure

« A polycube is a solid figure formed by joining equal cubes face
to face.

« Polycubes are the three-dimensional analogues of the planar
polyominoes.




Main ldea

> Get the polycube structure of input models using the method in
[Huang 2014].

» Generate the IGA blocks by slicing the polycube along the axis aligned
boundary faces.




Main ldea

« Block number is usually positively related to the number of
cuts along each direction.

« Deform the polycube to get a simpler structure.

----------

- e e o o o o b -
L}

6 blocks 4 blocks




Directed Graph Simplification

Reduce the number of blocks.
— Each node in the graph has different height.
— Cluster node pairs into a same height.
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Directed Graph Simplification

Non-degenerate constraints.

— Edge can not degenerate to a point.

— Can not cluster two connected nodes.

— Find all disconnected nodes as candidate pairs.

nZ
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Directed Graph Simplification

« Distortion Control.

— Use the stretch of graph edge length to evaluate the
distortion.

— Find a new height to minimize the distortion.

Dij = min » o dinb),
Y 1eT(ni )UT (nj)

s.t. d(l,h) < DVl € T'(n;) UT(n;),

hE = h s VPm € n; Un,.

1—1.1,+ — i_u,_ hi+ — hi -

d(l,h) = 7 hi—
( ! l) h’l,+ — hl,— h’l+ - hlﬂ_




Block optimization




Examples







Parameterization with closed-form polysquare
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Parameterization with closed-form polysquare

® By integrating the frame field technique, a polycube structure can be extended
into a more general structure i.e. a closed-form polycube.

® Such a structure has no internal singularity as well, but it has a more flexible
topology than the common polycube.

® Such flexibility helps to generate better meshes for complex models in the sense
of having fewer undesired boundary corners and lower distortion

(@) (b)

(e ®



Framework

/ Stepl: Closed-form polysquare generation (Section 4) \

/Cut generation\ /Framc field gcncration\

(Section 4.1) (Section 4.2)

Polysquare generation
(Section 4.3)

/ Step2: Patch structure simplification (Section 5) \

/ [terative optimization & Re- pdmlmlluallon

(Section 5.3 &5.5) Step3: IGA-suitable
parametrization
(Section 6)

Fig. 1. Pipeline of our method. Cut the input mesh into a disk-like one (a) where the cut edges are marked in purple. Internal singularity-free
cross-frame field generation (b). Closed-form polysquare parameterization (c). Simplify the original patch structure (d) and obtain a simpler
one (e). (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)




Comparison Results

. Rabbit-hole : Rabbit-hole*
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2D Results
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3D results

(b)

(d)

Block:47

. S

Block:35

O

Min SJ:0.1000

Block:59

O

Min SJ:-0.3699

Joint

Block:59 -

Block:39

Min SJ:0.2141

Min SJ:-0.0591

Hanger

Block:67

Block:59

Min SJ:0.1004

Block:366

Min SJ:-0.9970

Glasses

|

Block:14

;

Block:10

:

Min SJ:0.1003

i

Block:39

:

Min SJ:-0.7304

Our method

Chen et al.
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Problem statement

Constructing unstructured trivariate
Bézier representation with geometric
continuity constraints at extraordinary
vertices/edges to interpolate a
specified unstructured hexahedral
mesh
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Main difficulty ---- definition of G’ continuity

« G'-continuity at regular parts

« How to define the G'-continuity along the
irregular edges”?

« How to define the G'-continuity around
irreqular vertices”?

>




Extraction of irregular structure for hex-mesh




Extraction of irregular structure for hex-mesh

S /




Extraction of irregular structure for hex-mesh




G'-continuity along the irregular edges

« Extension of the G'-continuity around the irregular vertex
In planar parameterization.
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G'-continuity along the irregular edges

« Extension of the G'-continuity around the irregular vertex
In planar parameterization.




G'-continuity around irregular vertex ?




G'-continuity around irregular vertex?
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