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• 利用区域的骨架，将区域先剖分后参数化。
– 	����
– �����
���
– ���������������

� Two-dimensional domain decomposition based on skeleton computation 
for parameterization and isogeometric analysis ��Jinlan Xu, Falai Chen, 
Jiansong Deng, CMAME, 2015.
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Planar domain with arbitrary topology (CMAME 2018)

• Given the boundary spline curves of  a planar domain with 
arbitrary topology,  construct the patch structure and 
control points to obtain IGA-suitable parameterization  



Desired parameterization method
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Proposed framework 

1. Pre-processing for high-quality parameterization

2. Topology information generation of quadrilateral decomposition

3. Quadrilateral patch partition by global optimization

4. High-quality patch parameterization by local optimization



Framework Overview



Pre-processing of input boundary curves

• Bézier extraction

• Bézier subdivision



Pre-processing of input boundary curves

• Subdivision of a Bézier curve with concave shape



Proposed framework 

1. Pre-processing for high-quality parameterization

2. Topology information generation of quadrilateral decomposition

3. Quadrilateral patch partition by global optimization

4. High-quality patch parameterization by local optimization



Global optimization method 

• Propose a global optimization method to construct the four-
sided curved partition of the computational domain

Topology 
generation of 
quadrilateral 

decomposition

Laplacian 
smoothing 

method

Construction of 
segmentation 

curves



Topology generation of quadrilateral decomposition

(a)input discrete boundary

• Step. 1: Construct the discrete boundary by connecting the 
endpoints of the extracted Bézier curves.



Step. 2

• Multiply-connected region à simply-connected region.

(a)multiply-connected domain (b) simply-connected domain



Step. 3

• Approximate convex decomposition of the simply-
connected regions

(b) quasi-convex polygon decomposition

J.M. Lien, N.M. Amato, Approximate convex decomposition of polygons, 
Comput. Geom. 35 (1–2) (2016) 100–123



Step. 4

• For each quasi-convex polygon obtained in Step.3, generate 
the quadrangulation topology information

• 
����������������������������������������������������������
��������������������������������������	�������� ���������� ������
���������������������������

Reference: 
K.Takayama,D.Panozzo,O. 
Sorkine-Hornung Pattern-based 
quadrangulation for N-sided 
patches. CGF, 2015

(c)  quad-meshing result by our method with 
147 elements and 14 irregular vertices



Laplacian smoothing

• We adapt an iterative Laplacian smoothing method to 
improve the quality of the quad mesh.

Termination rules:



Construction of segmentation curves

• The segmentation curves should interpolate two vertices 
on the quad mesh Q(V,E).

• Global optimization method to construct the optimal shape 
of segmentation curves.

Fig.5(a) segmentation curves(red) and quad edges( black)



Desired parameterization method
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Uniform patch size

Computing the area of planar region bounded by B-spline curves?



Computing the area of  planar region with Bézier boundary

Then the area A(Ω) of the planar region is 

• For the planar region bounded by N pieces of Bézier curves



Global optimization method

• Objective functions:

.



An example



Proposed framework 

1. Pre-processing for high-quality parameterization

2. Topology information generation of quadrilateral decomposition

3. Quadrilateral patch partition by global optimization

4. High-quality patch parameterization by local optimization



High-quality patch parameterization 

Step 1: Construction of boundary second-layer control points with

orthogonality optimization;

Step 2: Local C1 linear-energy-minimizing method for constructing inner 

control points;

Step 3: Find out the invalid patches on the parameterization, then

recover patch validity;



Step. 1: Construction of boundary control points 

Initial 
construction

Imposition of 
C1-continuity

at regular
region

Imposition of 
G1-continuity
around the
irregular
vertices



Initial construction

• Firstly, we will describe the initial construction by orthogonality 
optimization. 



the Lagrange function:

Minimize the change of related control points along the segmentation 
curves such that they satisfy the C1-constraints

Imposition of C1-continuity by Lagrange Multiplier method



Imposition of G1-continuity around irregular vertex

• Some special treatments should be done achieve G1-continuity 
at the irregular vertices.

G1-continuity 



Imposition of G1-continuity (Mourrain et al�CAGD 2016)

• The G1-continuity constraints around the irregular vertex 
can be described as follows:

There exists 
unique solution for

M=3 and M=5



High-quality patch parameterization 

Step 1: Construction of boundary second-layer control points with

orthogonality optimization and continuity constraints.

Step 2: Local C1 linear-energy-minimizing method for constructing inner 

control points.

Step 3: Find out the invalid patches on the parameterization, then

recover patch validity.



Local C1 linear-energy-minimizing

• Constructing interior  (n−3)�(m−3) control points of each patch



Inner control points construction

• A tensor product Bézier surface r(u,v) has minimal energy E(r) if and 
only if remaining inner control points satisfy

• A linear system with (n−3)�(n−3) equations and (n−3)�(m−3) variables 

.



High-quality patch parameterization 

Step 1: Construction of boundary second-layer control points with

orthogonality optimization and continuity constraints.

Step 2: Local C1 linear-energy-minimizing method for constructing inner 

control points.

Step 3: Find out the invalid patches on the parameterization, then

recover patch validity.



Step 3: Injective parameterization

• Jacobian

• Logarithmic-barrier method for invalid patch 

Valid patch



Example I



Example II



Example III



Example III with the skeleton-based decomposition



Quality comparison



Parameters and computing time
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模型边界的转化

曲线边界 多边形边界

对曲线边界进行检测，找寻到曲线特征点，依据曲线特征点分割曲
线，转化为多边形边界

拐点

极限曲率点

基于标架场理论的复杂区域参数化方法
Research Process 



Delaunay三角化

基于标架场理论的复杂区域参数化方法
Research Process 

Delaunay三角化

使用Delaunay三角化将多边形边界区域内部生成背景网格



基于标架场理论的复杂区域参数化方法
Research Process 

建立拉普拉斯方程

根据边界区域标架场和矢量场信息，
定义关于区域内部的光滑矢量场方程

标架和矢量
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区域矢量场

基于标架场理论的复杂区域参数化方法
Research Process 

矢量场方程的求解

利用Meyer提出的Laplace-Beltrami算子离散化对矢量场方程进行求解
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基于标架场理论的复杂区域参数化方法
Research Process 

构造流线

通过所求的矢量场信息，定位出奇异点位置，判断出奇异点的价，
并通过奇异点构造初始流线
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三价点和五价点流线流出方向 流线推进方向



基于标架场理论的复杂区域参数化方法
Research Process 

流线简化

根据流线简化规则对构造的流线进行简化操作

流线简化的三种情况

初始流线 流线简化



Paramterization with Polycube/Polysquare (CMAME 2019)



Polycube Structure

• A polycube is a solid figure formed by joining equal cubes face 
to face. 

• Polycubes are the three-dimensional analogues of the planar 
polyominoes.



Main Idea

Ø Get the polycube structure of input models using the method in 

[Huang 2014].

Ø Generate the IGA blocks by slicing the polycube along the axis aligned 

boundary faces.



Main Idea

• Block number is usually positively related to the number of 
cuts along each direction.

• Deform the polycube to get a simpler structure.

6 blocks 4 blocks



Directed Graph Simplification

• Reduce the number of blocks.
– Each node in the graph has different height. 
– Cluster node pairs into a same height.
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Directed Graph Simplification

• Non-degenerate constraints.
– Edge can not degenerate to a point. 
– Can not cluster two connected nodes. 
– Find all disconnected nodes as candidate pairs. 

h1

h2
h3
h4

n1
n3

n2

n4

n1
n2

n3
n4



Directed Graph Simplification

• Distortion Control.
– Use the stretch of graph edge length to evaluate the 

distortion.
– Find a new height to minimize the distortion. 



Block optimization



Examples





Parameterization with closed-form polysquare



Parameterization with closed-form polysquare

l By integrating the frame field technique, a polycube structure can be extended 
into a more general structure i.e. a closed-form polycube. 

l Such a structure has no internal singularity as well, but it has a more flexible 
topology than the common polycube. 

l Such flexibility helps to generate better meshes for complex models in the sense 
of having fewer undesired boundary corners and lower distortion



Framework



Comparison Results

exact-form closed-form



Patch simplification



2D Results



3D results

Our method

Chen et al.



3. 一些开放性问题
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Problem statement

Constructing unstructured trivariate 
Bézier representation with geometric 

continuity constraints at extraordinary 
vertices/edges to interpolate a 

specified unstructured hexahedral 
mesh 



���&��������



Main difficulty ---- definition of G1 continuity

• G1-continuity at regular parts
• How to define the G1-continuity along the

irregular edges?
• How to define the G1-continuity around 

irregular vertices?



Extraction of  irregular structure for hex-mesh



Extraction of  irregular structure for hex-mesh



Extraction of  irregular structure for hex-mesh



G1-continuity along the irregular edges

• Extension of the G1-continuity around the irregular vertex
in planar parameterization.



G1-continuity along the irregular edges

• Extension of the G1-continuity around the irregular vertex
in planar parameterization.



G1-continuity around irregular vertex ?



G1-continuity around irregular vertex+




