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min f(x)
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Unconstrained Optimization
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min £ (x)

x € R"

cx ER"Z &4 m=
[ f(X)fééy'i;?f’f)%;



A~ e/ — 3y (Least Squares)

Ao

y = (go(x) - gk—l(x))< :

Ar—-1

) =g'(x)a

«/a\/zét}i;}/%% (XO» yO); Y (xn—l' yn—l)a i dhuLe

Z()’i - gT(xi)a)z %




A~ e/ — 3y (Least Squares)

go(xo) =+ Gr-1(Xo) Yo
G = ( go(x1) Ir—1(x1) >,y _ ( y:l )
gO(xn—l) gk—l(xn—l) Yn-1

> (- g"(xa)” = lly - Gal

min|ly — Gal|? = a'G'Ga — 2y'Ga + y?
a
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A2 XS B 70 TR & 094 B X ARAL T & 4935
% R I XL ik BHAT i [ AR 0, R
FEANBE R N, SRR O TR

138 = it = (Incremental Potential):

minz—h2 lx — x*||% + P(x)

HXhzermEyk, x* =x"+v"h,
W(x) A% A8



2k 322 (Line Search)

Xk+1 — Xk

FHHENEZHEHNE:

1(0,,0,) o

APk

T %7 e, e Kay,
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F6 R [ (Gradient Descent)

c D, = —Vf(x,), LA TFHEREGTE |
© EFAALAF

min f(xy + agpy)
ﬁ.'fi-/jlfﬁ%L.A”éﬁ{i’f}C o] R R — & 25

o FHATIT VLA VLA B Armijo SR AR
fx + appy) < f(xk) + clakpzfvf(xk)
c o R K, —RILB] (le-4) o

f(z) + tVf(2)' Ax o f(x)+ atVf(z)'A
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Armijo5&AF
f e + agpr) < fxg) + crarpr VI (xx)

K f () ey By SR — R IT, R B4R
fOx + Ax) = f(xg) + V()" Ax
s B &t FE R vlc; <1, BREMKR Y B
BB VI () 994+ 2 T 1%
© A T a0 B R, KA IZMA
— N ROGPIREAETT4E (thdel) | AR BB
Bohay, BB R

\ . fz) 4 ’T_/.[J‘)/.l.l'

o f(x)+ ufvil'(m)[ Axr
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Algorithm 3.2.1 Gradient method with Armijo rule

(SO0) Choose 2 e R*. 0,8 € (0,1),£ > 0 and put k£ := 0.
(S1) If |V f(z*)| < &: STOP.

(S2) Put d* := —V f(zF).

(S3) Determine t;. > 0 by

L= max B st f(z*+ B'dF) < f(aF) + BloV f(zF)TdF
eMNg

(S4) Put 2! := 2% + t,.d*, k « k+ land go to (S1).
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A kAL (Newton’s Iteration)

c B BFT R @mpht, HETRERERT BARG—H (B A)
28, FMERZET ARG _Y (FF) 1258
o ¥ B AR X, =R T .
flxx +p) = flx) +p"Vf(xy) + EpTVZf(xk)p = my(p)
o AR ik A BT B @y AL % o Mlmy,
px = argmin my(p)
* HVmy(p) =0, T X473

i = —(V2F ()" VF (xi)
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A kAL (Newton’s Iteration)

e = —(V2F () V(%)
° sz(xk)fé*‘/l\%ﬁl%, FRAEHRGEME (Hessian matrix) , K sbE 4
MERE T RNE BMIEE FFET 1T THF &
o 4o BV f(x,) RIEE, FRA
Vi) pr = —Vf(xk)T(sz(xk))_lvf(xk)
ATHRKTO, Bk RERIERATHK— T

o BBV () RE N, —&EBHIN VA (x) B E BB A
ERFEM, FRAXFFME (Projected Newton) , A BB H
BT

15



A RSE

Algorithm 3.3.3 Globalized Newton’s method (optimization)

(S0) Choose 2° € R, p > 0,p > 2,8 € (0,1),0 € (0,1/2),e > 0 and put k := 0.
(S1) If |V f(2*)|| < e STOP.

(S2) Find a solution d* of the Newton equation

V2f(2*)d = =V f(a). (3.12)

If no solution can be found or if

Vf@h)d" < —plld*|” (3.13)
is violated put d* := —V f(z¥).
(S3) Determine t; by
te = max {/31 ‘ f(z* + Bld*) < f(2¥) + BloV f(aF)Tdk } . (3.14)
/ 0

(S4) Put 2*! := 2% 4 #,d*, k «— k + 1 and go to (S1).
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Gradient Descent vs Newton's Method
20 -
radient ent
Newton's Me

—t

F—'Nwamm\‘m

— R, FMTHAE LRGSR E, FAERAES ENKG
(overshoot) #9115 JL
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FLAniyE (Quasi-Newton Method)

o« Rk B AN, 2R FE B RMERIEREGVAS (x) T, £
B9 B W B LA K A9 BTAE AR FE BT

* do R AEAAE KB — S LH LGB EMVAS (), whAE R KRR
=5 0K AR

o A$ ) IXFp AR KRG — K I IHARER A AR ik

o BAVT VAKEAE BT AL A 18 R AL HE R T IL0A VA F () 89 0240 0k
AR A — A 2R BLAE 09 PR3 R A2 48 sz(xk) &9 35 A Bk 4 AE A By

o LB HER 645SR1, BFGS, 1-BFGS%
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From left to right: Broyden, Fletcher, Goldfarb, and Shanno
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BFGS

« EHREX T, BEGSH iKiE A5 5 B3 — NEAL B AR 4E 5By,
o kK ZILENT, BRAVIEIEETEB,, tbhnfs #4548 4]
o FEAEY R F EA L HTBy:
B+1 = By + ABy

© MJEAB 09 B K 2By AVAS (X)) 9L, ERIEH

Vi(xk+1) =V (xx) = Bry1 (X1 — Xx)
R

Vi = Br41Sk
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BFGS

Br+1 = Bx + ABg, Yk = Bgyisk
* BEGSIRAB & — AR A 289 #T, TTAG 7
AB,, = auu® + bvv?

EFPu,ve@mAeE, ab2AAT L
o« RN HFARIEE 2K, 153

(By + auu® + bvv")s;, =y,

auls,u + bv!'s,v = y, — Bysy
© R ALIEAGIIETT AL
auls, = 1,u =y, bvls, = —1,v = Bysy
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BFGS

* Fa,u, b, vRANABg F,

ykyl B BkSkSlZBk

Vi Sk Sk BrSk

© XN X 8 Bjy1 7T VAL F] Shermann-Mottison-Woodbury 2~ X, 5
AW RCE 20

Bri1 =B +

Bii, = B! +(1+ .

T T
Sk Yk Sk Yk Sk Yk

Shermann-Morrison-Woodbury Let A is n X n invertible matrix,
u,v € R™. Then A+ wv? is invertible iff 1 + v' A='u # 0, and

A LypT A1
14+ 0T A1y

(A+w!)t=4"1—

ygBI:1YR> SkSk SkYiBi' + Bilyisk
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BFGS

* Bf TS H T A
TN\ [ T T
YEkSk 1 YEkSk SkSk
Bk+1 —_ I_ T Bk I_ T + T
SkVk SkYVk SkYVk
°'Tk12iibﬁn%%B 1R Ex8, RABr A —3Hr—EEE, B
Bi&ksiye > 0, ARAJEE3 5% E 76
c A, REFMGH XFIELERGF—FF, spyr > 0FmR L,

ﬁhmﬂﬁﬁszﬁ%%%mi&% PRIE LR A A B B AR
0 7y ey 3
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BFGSH 4

Algorithm 3.3.4 Globalized BFGS method

(S0) Choose z° € R" Hy € R™" symmetric positive definite, o € (0,1/2),p €
(0,1),e > 0 and put k := 0.

(S1) If |V f(a¥)| <e: STOP.

(S2) Determine d* as a solution of Hyd = —V f(zF).

(S3) Determine t; > 0 such that

fla® + td¥) < f(a*) + otV f(@)Td* and  Vf(a* + t,d*)Td* > pV f(a*)T .

(S4) Put
ol = R4 d”,
sF = gt —.rk,
y© = V@) - V),
Hk_H _ Hk+ yk(yk)T B Hksak(sk)THk
(yF)T s (sF)T Hys*

(S5) Put k + k + 1 and go to (S1).
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L-BFGS

* BEGS & AR i Ar 464 | 12 RANVE Tn X n9 % 8] kit 548 5
#9Br L, FL B ALAE PhAk K Bt R XE VAR S 69

* L-BFGSZBFGS £ %698 N A A, RARY RmgENK 69 23
ABy, W RRGHEENRAFEIESE, 4L TR AZME IR IEE
VA By, 5SVDJE 45 46 % 69 ¥ 4848 7]

* B b, L-BEGSH 44 SR AAnit a9 4182 TO(n), Ko
R AR AR A B R AR T

e B F H EAtE A9k HE, L-BEGS2 R % #h. Tk 469 %A
AL Bk
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[0 48 . A sh p SR g — Rl A i ik

* Jo X RNV KMBAx = DFMNA 'I‘i@é’ﬂtﬂ”c A (fRIXAIE )
min f(x) = Ex Ax — bTx

c IRUAHK
Vi(x) = Ax — b,V*f = A

* Bx A Jacobi/GSiER 697 X,
Xpe1 = X + M7TH(D — Axy) = x — MTHVS (o)

o I VALK I F 5 EAR A T MU i 77 4B 4 09 DA 30 0%
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Constrained Optimization



i

i 2 RACAL
min f (x)

x €EC
cx ER"Z LM e =

cCRAAR, FAFAARFRFALR
hi(x) =0,g;(x) <0

s f(x)EETH
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H IR

« #it3& d(A,B) = 0

* XYY R X4 = Xp

o XA ETRE Opin <0 < 0,0,
¢ % RS detL > 0

*Ja—f 2 =1
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HA WAL

c ATHERMELE R AR FXNLGREGFR
min f (x)
s.t.gi(x)=0,i=1,--,n

o X B AR BT % AT & AR
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LW AL

s UM T R, BREREERF —PYR
glx,y) =0

* TAT AT R 8952 g (x, y) HI0F AL

* Bf(x,y) B R, RIS (x,y) 894 B VS & A
THAL, &WNRMNEAHFEET @ AR 7T he ik
fir—% T

A ER, VfRIZEVFAT, LA RGLGELE
Ri#% 2

Vf = AVg

* BFXAYRFR AN, TATME TR S %

wE, ERAL SRR HE Lo EeEL LA

glx,y) =0
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HA WAL

o =KD, AT A F XL RAGRAC AL

min f(x)
s.t.gi(x)=0,i=1,--,n

© B AR EXT B R
g9i(x*) =0
A, 5. t.Vf(x*) = z A Vgi(x™)
i
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hit% B H e+ (Lagrange Multiplier)

min f(x)
s.t.gi(x)=0,i=1,--,n

o 3T IXAEG W G AL A, RAVZ SR 2 eG4 B R EA
L(X, /111 'HJAn) — f(X) — z Algl(x)
[
o AR L W) A RATVIE D 69 T ARRE L i R AT AR B A
VL =0
* AT A
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hit% B H e+ (Lagrange Multiplier)

LA, 2n) = fO) = ) 4igi(x)

oL
*Val =57=-9:(x) =0

* Vil = VyL — 2 4iVygi(x) =0
© X PSR BT AT B AR B 2K, B VL = 08k 2 &AL S1F
« AT Bk A BATT A AR MEL R AR 1T 2] 7 15 AL 69 g2

°%T%'%%ﬁd%1,A%m@MHMWW%ﬁ FE A3k A A,
ARTT RIELFAEAFL - —o, LA & X
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Min-Max|a] 51

LA, 2n) = fO) = ) 4igi(x)

o 5 4 R AR AL 89 B B B AL 19 A% — Amin-max 7] 44

minmax L(x, A4, -+, ,,)
X A;

o KrxFed; B R R AT AMIE, x0 B AL/ MEL, ;89 BARZ
R KL

o Rx gt dFibg;(x) # 0, ARALETAELE G RLT, XM
T, FAdx RAERFRIEG () =0, FfRMMLf(x), XLHLZ
JR A mfr 29 R ARAR 5] R

s B H WA T ER, BARBEVL=0
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SRAFHIRE W H %L

minmax L(x,A¢,+, ,,)
X Aj

* i Tmin-max#) F /&, RAVLZHALER @A LL RENT
EARAC LA B B o 5

o H b, KA AR T XEK KT
gi(x*) =0

V() = ) Avgi(x)
° Pbde i B AR
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AR U YIEE

* RMATEAZ THA BAFBES () 89 F ik, B A
EA, BAEELERLFEp(X) =Vf(x) =074
cdn R HELEDp(x) = 069 542, AN B|x BT, &
HRFITp(X)B—I T (TR f(x)8 =P &)

p(x, + Ax) = p(xi) + Vp(x,)Ax
o A B KRR SRR —NTM TG, B
p(xp41) = plxy +Ax) =0, 433
Vp(xi)Ax = —p(x;)
Xes1 = X — (Vo)) p (k)

I
20
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{56 FH A 592 SR AR BT H R &R

c AL BEA—NKRZELER", R EBPABHIHKAL=f-AVg, %
A A
g=0, Vf—/lTVg =0
(V2 fy — ATVzgk)Axk Vo bk = —(Vfi — 2 Vgx)
VgilAx, = —gi

° B A FTFLN I X,

V2fi —A"V2g,  —Vgg (Axk) _ [~ (Vi — 4%V gr)

—Vgx 0 Ay Ik

X R AR R E A SERE AR, T RAMEJALU, MINRESS Kf#
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%FE [a] i (Dual Problem)

c AR A ZHEZR T RLKBxFA, B HEEL ST, Wi
&m%%%ﬁ R0 4B [ L R 2 OE E 69 @%&m&mik%ﬁ%
KRS
e T L, BAT AR A A TG R, RHBAA, HEEIF 3

SRR B R — AR 0 AL, diX RE 2R A X Femin-max #9)IRF

min max L — maxmin L
X A A X
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X1 (Duality)
o 3FT—MEHEL(x, ), RAVERZH TEG3ET1BKX AR KL

mln max L = maxmin L
A A X

« du & B A7 F %ﬂ@%%iﬂﬂm&% AR L 3% 3AG S AR, S

m1n mfx L = m/%lx min L

°%?&%%&uiTMk@$%%¢%§%m S LELe
(Convex Optimization), 42 & iX B RATREI, 45y iE
7 89 /% P AR I 58 RAB — K
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%FE [a] i (Dual Problem)

min max L = maxmin L
X A A X

e X —NHHFHHGA) = mlnL = mmf Mg

* Jo R BB L BECA)HH Jx AR AR R A 29 RAARAL 1) AR T
VAZEAL ) T & 69 T 4 RARAL F] AL

max G
A

o G(A)ARA 2B FJ#, G B AR A xS B, BAAALT
BRI E D T\)’ﬁﬁr
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— A AT FER ) R34 -

AN BN RGO Y) =22 +y2 — LERMME

f(x y)=x+y, m‘ﬁmwﬂaé &)
L=x+y—A(x*+y*—1)

* T KATAH K G (A) = mmL
e A >08f, L AR F|—oo, FHG) = —0

1

» BA< 0B, LAFO@ e —kdH, x=y=—

1

HIE R, SLHG() = A+ -

V2

P A= —=HGTRIRE KA, Hifx =y = -2,
ST UM TUAT B3 b B 52 BUE T F 69 R MA
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Xl _EFAZ: (Dual Ascent)

max G(A) = maxmin L(x, A)
A A X

© S4B _ESHEA R T AR F ARG X, A LA A

s BN, RMNBLE A, FIRRKBXRACF R, A9
L F A HG(A)
Xi+1 = argmin L(x, A;)
X
* g RAVH A S 2 A
Ak+1 — Ak + akV,lG
EraAFK
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Xl _EFAZ: (Dual Ascent)

c R EGA) = L(x", D) R xR i s = 0

__OL(x",A) _ 0L ox™ A OL _ 0L
B V)6 = oh awortaaT a9

© TRAH EAT AL XA

Ak+1 = A — a9 (Xk41)
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11 B2 (Penalty Method)

c FAPL T AL BN B R FH XL ik, TR EE R Mk, ¥
2y R A AN B AL B AT P

min £ () +5 (07 g (x)

c APy TN RIBE, MRKEEYRMIE

-wéﬁéﬁ%%ﬁ%ﬁe&mﬁ.5ﬂmadmﬁﬁmmwa
I Z28 L, MUK KL ESFHMACEME, B E 2D 5SHEL 3
"AE -7

c AT F A RAGN R AL, FRAVET AR TR EOR HEH BT
B &9 & K

A
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AT R

AF XY RMILF XY REE LA B 5%
REETARFRARRALELRFT RYRN (HRAK) T 2% 0 Rkl
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AT R

o XJF—HH X 89 i 249 RARAL 7] L
min f(x),s.t.h(x) =0,g(x) <0
o RAVRR T A XA 5 69 454% B B % 2K
L(x, A1) = f(x) + A"h(x) + " g(x)
o 2 R id BT A9 min-max 5] AR AL I pr A 29 R A9 min-max 9] AL

min max max L(x, A, u)
X A u=0

o FOAF R A RATT VAF B AR LA B R AR K, X
TRTEBAIRETT
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JL.L\/

© LY R EGHAL 7] AL
« HE T &
o IRk
o WAk
o Z X YRR E A
o BB F G
o IRk
o 318 LIk
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* An Introduction to Optimization Techniques in Computer Graphics
* Introduction to Mathematical Optimization with Python

* https://cmazzaanthony.github.io/coptim/index.html

* BFGS in a Nutshell: An Introduction to Quasi-Newton Methods

* https://esslab.jp/~ess/en/teaching/2022/cgo/

* https://github.com/Juyong/GeometricOptimization
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