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5470 (Gaussian elimination)
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5470 (Gaussian elimination)
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5470 (Gaussian elimination)
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5470 (Gaussian elimination)
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5470 (Gaussian elimination)
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LU

Algorithm 1 The LU decomposition of a matrix A. Upon exit,
the entries of A have been overwritten with the entries of L (below
the main diagonal) and the entries of U (main diagonal and above).
The diagonal entries of L are all equal to 1.
for k=1,...,n—1do
for:=Lk+1,...,ndo

Gk
Q; | — ak k

for j=k+1,...,ndo
Qij = @ij — Qi kA,
end for

end for
end for

Tuuﬁﬁﬁﬁﬁﬁ;%
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F Itk (Pivoting)

c SEBRASHHEANE—T P AL LTS
w0, 2RI TFE T

s TS IE A TEY, HohkkEF YA
S R KA A U 0, KA A
17

s XA R BAEMR B, RMNAFRBALR D=
B DL

o A IXFF i E LT R 09 Gauss T K IEHARA F)
* 70 Gauss 7H =3k 2R 241k £ U Gauss H 2+
/% (Gaussian Elimination with Partial Pivoting,
GEPP)
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B3 34 (Cholesky Decomposition)

s F st AR FE £ 69464, LU ML ARSI Ao/, & 23t
AT Pivoting A
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B 5 i 35k 55 i

Ly 0 0 Ly Loy Ly
Ly Ly O O Ly Ls
L31 L3y L3 0 0 Ls

( L% (symmetric)

SR FE A-—LLT =

Lo L1q L%l -+ L%Z
L31Liv—L31 Loy + L3p Loy—L2, + L2, + L2,

!

[ VAn 0 0 )

L— | 4x/Ln \/Azz — L, 0

\AEI/LII (Ass — L3y Loy) /Lo \/Aag — L2 — ng)
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Algorithm 2 The Cholesky decomposition of a symmetric posi-
tive definite matrix A. Upon exit, the entries of A on its diagonal
and below it have been overwritten with the entries of the lower
triangular Cholesky factor F.

for k=1,...,ndo
Ak k = \/ Ok k

fort=k+1,....,ndo
s = 2%

end for

for y=k+1,...,ndo
for:=74,...,ndo

Ajj = Q4,5 — A4 kAk,j

end for

end for

end for Hj']é] E\—d\‘ 0(7’l3)

T ABLH X R 89 AT Sk
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c LUS M T RBAEZTLEMSE 742, LLT MR T LR 2 464
s W TOM3) M B4, —RERTRB 4G F 4L
B RARBFY, BANBEIGEEIEIERIET G-

i i

10 T T
1024 2048 4096 8192 16384
Matrix size (N) - log, scale

—+—Eigen —=—MATLAB Intel MKL = 1 OOk/\ Tﬁ $

\ AR
MATLAB GPU —e—CUDA/CULA

sing time [ms] - log,, scale

Proces
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BT %

N — A4 15 (Initial Guess) x° £ &, R APFATEAN T B

xk+1 «— Lp(xk)

TE AR R FGE R EIR, &R £L 3| BAR £k
[r*| = ||p — Ax*|| < &

c TAMB S — 2R S, m R EER AR A 2 A3

ST, ARSI —ANER SRR B T
* ST VAR A RIS AR R K R & 209 AR &K

o AT AT R ARG 69 A F R AR A B T B R

c R HETT A B FEFRAF LR XL B

W NxHrH Ax

R —NET
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JIIEE BOR

1 FIARAG 69 AR KA BATT LAE L 4 W 55 B KARCOT7 4 69 4E 1% T 42,
o B4 KA T A & &L+ 94

A Scalable Galerkin Multigrid Method for Real-time Simulation of
Deformable Objects

ZANGYUEYANG XIAN®, Shanghai Jiao Tong University and Microsoft Research Asia
XIN TONG, Microsoft Research Asia
TIANTIAN LIU, Microsoft Research Asia

Fig. 1. Our multigrid method simulates a deformable dragon model with 200094 vertices and 676675 elements in its full space at 39.4 frames per second.
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B—K I EIEM (Stationary Iteration)

— /l\ Z: %ﬁ ‘E";‘ i%/{{ éﬁ ]/%j ﬁ {5,1 % : Stationary Iteration of x = cos(x)
KB x—cosx =0 gy e

’X():O

*Xxq =Cosxy =1

* X, = cosx; = 0.5403

* X3 = cosx, = 0.8575
*x, = cosxz = (0.6542
* xg = cosx, = 0.7934

- x,, = 0.7391
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B—K I EIEM (Stationary Iteration)

KA EAA=M—-N, T£F
Ax =Mx —Nx =0b>
x = M™}(Nx + b)

b XA KT AR AT @69 75 5 S
xk*+T « M™I(Nxk + b)

VLR MEE I, de B RNEL, xMAETE AT, R4 —
FTRAX" =D

s MU 5, B RAR A KD
o o FTARIE 5 A2
FETELVPE S,
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Fen] B34 (Jacobi Iteration)

© ZAVIRM A AR 5F 25 5D, N 4 JTé’JNﬁAé’HFﬁf’%*ﬁ ZR LD & e
2K+ D" L(Nx* + b)

* T _ _ _
2 -1 0 2 0 0 0 1 O
A=|-1 2 -1|,b=|0 2 Of,N=(f1 0 1
0O -1 2. 0 0 2. 0 1 0

o b A AEMED 6 4B IE 2 JE BT R, H Mk K 6 BAE KA R
T B AT 4R M ) B Tk Ao ) B An R 3E T 1L



HER] B IEAR

0 Jacobi JEARHEE

1: Given an initial guess x(?)
2: while not converge do % {5=AJL¥E |

3: for: =1tondo
1 1—1 T
. WL (k) LK)
4: x; = b; — E a;jr;’ — E Q;j;
b j=1 j=i+1
5: end for

6: end while




MERT HEIRA: s i 2k

x**t1 « D71(Nx® + b)

A=|-1 2 -1

|b—axk| 0 -1 2.

2 -1 0
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A RGBS HE ]

xk*t1 « M™1(Nx* + b)

c ey X AKE A
x**1  xk + M~1(b — Ax¥)
c LR E (error) efAxN S A mxr = A" bz mes £, L5
£ (residual) r*eg £ 2 A4

rk =b — Ax* = A(x* — x*) = Ae

« AT AME THaiE £ L H £ &
K1 ok L M-1AeK
eftl « (1—M71A)e* = M~ INe*
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A RGBS HE ]

el « (1 =M "1A)e® = M~ INe¥

s RRREHE—Y, AMNAEREZNBRET —AMNERT
T=1-M"!'A=M"IN

© ZAVT A THATHHFAAL S BT = QAQ™, TAF3| A& LTy
H AR (O3 5 KA peqa) e98 K F1lat (ipigE2 0 F
1) , R A &K T AR & 47T LUk 45 %) 0

e m—EBTHHIMA P HAEK K TFL9/E, 7T 58 F 8 I8k

o A xf FTAFARAEAR NG o=, 172 2 AT AR

cdeZM =A, T=0REA—TF AWK ZAIEFIL, B WLEAN L%
IEMAT 86 e LA, Rl BFM ™17 VL 5 13 K g
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Residual

350 ~

300 -

230

ol (Relaxation)

x**1  xk + oM™1(b — Ax¥)
« R I RKEIRFUA— A 0t F HKE T

T
10

T T T T
20 30 40 50
lteration

T T T T T
10 20 30 40 50
lteration
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HER] U B ARE B

o T KA — AR TR, FEF AT AT

o fB B BARK KU Lk X E 2R SR S T Al sL, Hbde 2 HRAN
T3 X 34EMEE LR, TSR EZI0S B A aeldst, R
ﬁ%ﬂgmﬁ%ﬁ,ﬁ%%kkmﬂ&mﬁ%uiﬁ
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= Hr- 2548 /R AR (Gauss-Seidel Iteration)

* SAET LR AR, SA-54E RER(GSER)VEAAL X A A= T
= Ao AM

x**t1 e xk + M71(b — Ax*),M =D +1L
c EEAIM IE UG T T LA AMAE T G445, A SEH
TUiE B — AT T 46 KR

* ) TGSHERPMEAL A, AL RKRIEET=1-MTA
FEVT s R A & F47, RSy HE ), B2 mMpfH—F R
e 5

o GSILAL B A8 Rl B 540 R AL % % AT AR F B F 09
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B Hr-55 48 /R 1548 (Gauss-Seidel Iteration)

&) Gauss-Seidel QB IE By Jacobi &AL
I: Given an initial guess z(*) 1: Given an initial guess z(?)
2: while not converge do 2: while not converge do % {=HLHE
3 fori = 1tondo 3: fori=1tondo
. L . t—1 )
1 i—1 T 1
k+1 k+1 : (k1) (k) (k)

4. JE ) = P b; — ' at-.;,-.-r,_g 4= E aurﬁ )) 4: xT; = b; — aijx; | Z aijT; )

" j=1 j=it+l v i=1 j=i+1
5 end for 5 end for
6: end while 6: end while

5 Pl STk T A AL, GSiiﬁ%a]acobiz‘iﬁ & K 89 XA A T GSHEAR A iﬁ’éfr
IE BT AT XA EAHGL R, fmjacobir K REHA T E—F 4R
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Al R ARG

 Jacobith K., GSHEAK A9k KALH AT HIALM F, 2Rl sik B
I

* JacobiE AR FnGS AR AR A 7T AL UL, Z-45 4B [F 89 BARE
FFRFLEIMNIE T T

s ML MR L 1%’?& A AT :}kﬂl]TVXZ‘Lﬁﬁ] N HUAL 69 FE %
L-MAé‘E M4 & % E4EE TR SAITRMB, L2 2 EMAER
(Multlgrld Solver) , H AR ZFHIT A AR E ey KA
#E I‘i KA 2%
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K 2 EEEM (Subspace Tteration)

« Ax = by KAE R T A E m2min||Ax — b|| 69 #A4L 12 2

o AL B AT R ARY, BRE—BEA(ey, . ep)

s TERBBRGERBAZIZEEIMI LB, RINMAL
(eq,,em) KR IMYEF = 8] L Z B XA B A, 1335|4069
R Ay x™

o dm RIKM 6 7 Kipg B s ddit ) IRLA BN TREBT V2 HHK
X199 T RAE B %,

* XA R S EEn W RAT T LT B L R
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Krylov %% i)

* X T4EME FF2AX = b, KrylovF = 8] 2 XA
K.(A, b) = span{b,Ab,---,A"~1b}
c K. ZrégegF =8, jFHHEHERX R
KicK,cK;C--
e Jo RIEMEHA, R RAK LA AZTRRY, 25
éﬁKn+1' n+2,’ 7{‘/\3»@7513 éﬁ},

* f& A Krylov¥ = 8] #H47%4K, Fmy st AL
Ky 7 F R R,

Aleksey Nikolaevich Krylov
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Heai B B R B (Conjugate Gradient)

o HAeHE BT 5(CG) ZKrylovT = 8] 3 X AR A AR - IE F 4E [ o 69 7
X, HMmiwes2

1
nﬁnf(x):rixTAx——bTx

o 55 A A
Vf=Ax—b = —r

o BAX Ky T RAMLF(X), TRLFHEER
Vf =-1,, LK,
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Heai B B R B (Conjugate Gradient)

B BT B9 s
o ho FRAVAEHM % KeylovF & 1] 89 — & 5] £ 40 Kp,, i# £
K = span{py, -, pm}, D Ap; =0Vi#j
* AR A TSy g KXy 09 S AR R D, 89 7 e E R ey it A2
Xm = Xm—1 T AmPm, Ay = aI'g minf(xm—l + ampm)
o Rty 988 R — Y6 =k F A AR, T K B X MR
A4
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Heai B B R B (Conjugate Gradient)

© BV HIIEAT, L Ky
* T4 uF, Ky = span{p,}, BERB—HHLLFER, KRiEr LK
* R LK1, ZIEG 5K X &

Tm = b — AlXpm_1 + @mbm) = Tm-1 — AmAPm
* BT XA ¥ 7d LR T f(x), Hskn, Lpy
* B Trp_1 L K 1 YARApy, L Ky (3E3) , A n, L Ky g
T/

Tm L Km—1Uiom} = Ky

c BT 2, HRAVIERA T REBRGHEE 5 E{p,, )}, CGH K
LT VASEAT T &
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Heai B B R B (Conjugate Gradient)

ro := b — Axy

if ry is sufficiently small, then return x, as the result
P ‘=T

k:=10

repeat

rlrk

ap 1= — . . . .
PP RFEDY Ty e 69— HEARAL PR

Xk+1 = Xk + QP

rpi1 i= T — arApy

if r;. 1 is sufficiently small, then exit loop

r;!.‘—-l—l Tkl
Pr 1= r'r 7#] &
ktk N iEL
1
Pii1 = Tre1 + BrDPy — pk+
ki=k+1
end repeat

return x;., as the result
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SEHORERE T B B JiE

o LA E T MARIE AR AN Y AR AL B R AR, B —RAE X
¥ K % KGR E AR IAL R BME, sTTw e U 4e 69 4B — A%
REZI000FHER S
* J+ B T d 890 aR R S ARIE )

Hm—fﬂsk—l

lxo — x*|| K+ 1
o H i Z FEM A S 4 (condition number) , & X AAM R KAFAE
{85 Jo N AFARE G PAE, FRiEx > 1

o [T AR I L FRARE AL, e AN, FHREAK, K
S5 AR ST ARG
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PiAt 3 (Preconditioning)

* PR L ELAL T ARSI R, ST IRE
FE 1% 69 FoAF 2K

« Ju Z EATA R BA LA LM 4EEM = PTP, 4
i KR
PAPTx = Pb
* A APAPT 8 i — 5 L), B A JE MR
JIM = A~Tat, PAPT = 189 &4 221
* LAY FEM ) Iy X &L FEA A 4E % (Diagonal
Preconditioned CG, DPCG), R %, &%) Cholesky/\

fE (Incomplete Cholesky Preconditioned CG,
ICPCG) %

terations
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HoAt Krylov—y-=% [A] 5K fiff 4

* 2 ZECG R XA TAARE RS, SFHAMFIL

* MINRES (Minimal Residual ): K ## — A& % #R 4E [E

* GMRES (Generalized Minimal Residual): K — A% 4E [4
* BiCG (Biconjugate Gradients): K — A% 9 4[4
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Q:E:

JLJ\/

o 3 TNEME(<10004R), 3@ AR Z ke, thiwlLUS M,
LLT% B (4R IE )
o BIEMEMAL LA K BF, AKX KM RBAEAE I A LB

13 & %X (Jacobi, GS) 4L.& f%?"‘i)ulf’]ﬁ 12 LR JE T T
P, —&FEZFTIE R ’Liq‘ﬁ@’ﬁé' M o AR

T SR TR A S T T *, T RS KA1 E R

* Keylov-¥ = 1) St AR AR B — AR, RE A 4EM & Fxf m A A
AR & 7%, thdwCG, MINRES, GMRES, BiCG:--

o XT4E M 3 ﬁﬁﬂﬁb?kkﬁ%&ﬁﬁﬁ,%%mmﬁ
ICPCG--
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* https://math.ecnu.edu.cn/~jypan/Teaching/NA/

* https://www.mathworks.com/help/matlab/ref/

* An Introduction to the Conjugate Gradient Method Without the
Agonizing Pain

* A Sampler of Useful Computational Tools for Applied Geometry,
Computer Graphics, and Image Processing
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